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CONGRUENT SKEIN RELATIONS FOR COLORED HOMFLY-PT
INVARIANTS AND COLORED JONES POLYNOMIALS
QINGTAO CHEN, KEFENG LIU, PAN PENG AND SHENGMAO ZHU
Abstract. Colored HOMFLY-PT invariant, the generalization of the colored Jones
polynomial, is one of the most important quantum invariants of links. This paper is de-
voted to investigating the basic structures of the colored HOMFLY-PT invariants of links.
By using the HOMFLY-PT skein theory, firstly, we show that the (reformulated) colored
HOMFLY-PT invariants actually lie in the ring Z[(q−q−1)2, t±1]. Secondly, we establish
some symmetric formulas for colored HOMFLY-PT invariants of links, which include the
rank-level duality as an easy consequence. Finally, motivated by the Labastida-Marin˜o-
Ooguri-Vafa conjecture for framed links, we propose congruent skein relations for (re-
formulated) colored HOMFLY-PT invariants which are the generalizations of the skein
relation for classical HOMFLY-PT polynomials. Then we study the congruent skein re-
lation for colored Jones polynomials. In fact, we obtain a succinct formula for the case of
knot. As an application, we prove a vanishing result for Reshetikhin-Turaev invariants
of a family of 3-manifolds. Finally we study the congruent skein relations for SU(n)
quantum invariants.
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1. Introduction
The HOMFLY-PT polynomial is a two variables link invariant which was first discov-
ered by Freyd-Yetter, Lickorish-Millet, Ocneanu, Hoste and Przytychi-Traczyk. In [11],
Jones constructed the HOMFLY-PT polynomial by studying the representation of Hecke
algebra. Let L be an oriented link in S3, the HOMFLY-PT polynomial P (L; q, t) satisfies
the following skein relation,
tP (L+; q, t)− t−1P (L−; q, t) = (q − q−1)P (L0; q, t)(1.1)
with the initial value P (U ; q, t) = 1, we will use the notation U to denote the unknot
throughout this paper. We denote by (L+,L−,L0) the Conway triple of an oriented link.
One can calculate the HOMFLY-PT polynomial for any given oriented link recursively
through the above formula (1.1). Based on the work [32] of Turaev, the HOMFLY-PT
polynomial can be obtained from the quantum invariant associated with the fundamental
representation of the quantum group Uq(slN) by letting q
N = t. More generally, if we
consider the quantum invariants associated with arbitrary irreducible representations of
Uq(slN), by letting q
N = t, we get the colored HOMFLY-PT invariants W ~A(L; q, t). See
[22] for detailed definition of the colored HOMFLY-PT invariants through quantum group
invariants of Uq(slN). The colored HOMFLY-PT invariants have an equivalent definition
through the satellite invariants in HOMFLY-PT skein theory which, we refer to [1, 14]
for a nice explanation of this equivalence. By using this approach, for a link L with
L-components Kα, α = 1, ..., L. Let ~λ = (λ1, ..., λL) ∈ PL, where PL = P × · · · × P and
P denotes the set of all the partitions of positive integers. The colored HOMFLY-PT
invariant of L colored by ~λ is given by
W~λ(L; q, t) = q−
∑L
α=1 κλαw(Kα)t−
∑L
α=1 |λα|w(Kα)H(L ⋆⊗Lα=1Qλα),(1.2)
where H(L ⋆⊗Lα=1Qλα) denotes the HOMFLY-PT polynomial of the link L decorated by
the element ⊗Lα=1Qλα , where each Qλα is in the skein of annulus C+. For two partitions
λ and µ, we let Pµ =
∑
λ χλ(µ)Qλ, where χλ(µ) is the value of the character χλ of
symmetric group at the conjugate class Cµ. From the view of HOMFLY-PT skein theory,
the element Pµ ∈ C+ takes a simple form and has nice properties(see Section 2 for the
detailed descriptions of the skein elements Qλ and Pµ). So it is natural to study the
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following reformulated colored HOMFLY-PT invariants which are given by
Z~µ(L; q, t) = H(L ⋆⊗Lα=1Pµα), Zˇ~µ(L; q, t) = [~µ]Z~µ(L; q, t),(1.3)
where [~µ] =
∏L
α=1
∏l(µα)
j=1 (q
µαj − q−µαj ).
1.1. Integrality. In the first part of this paper, we obtain an integrality theorem for
the (reformulated) colored HOMFLY-PT invariants by applying the HOMFLY-PT skein
theory. By definition, a priori the colored HOMFLY-PT invariants lie in the ring Λ =
Q[q±1, t±1] with the elements qk − q−k admitted as denominators for k ≥ 1. However,
we can show that the reformulated colored HOMFLY-PT invariants actually belong to
the subring Z[z2, t±1], where we use notation z = q − q−1 throughout this paper. More
precisely, we have
Theorem 1.1. For any link L with L components, and ~µ = (µ1, ..., µL) ∈ PL,
Zˇ~µ(L; q, t) ∈ Z[z2, t±1].(1.4)
1.2. Symmetries. In the HOMFLY-PT skein theory, the two elements Qλ and Pµ satisfy
the relation Qλ =
∑
µ
χλ(µ)
zµ
Pµ. So we have the close relationship between the colored
HOMFLY-PT invariants W~λ(L; q, t) and reformulated colored HOMFLY-PT invariantsZ~µ(L; q, t). As the applications of Theorem 1.1, we establish the following symmetric
properties:
Theorem 1.2. Given a link L with L components, and ~λ = (λ1, .., λL) ∈ PL, we have
W~λ(L; q−1, t) = (−1)‖
~λ‖W~λt(L; q, t),(1.5)
W~λ(L;−q−1, t) = W~λt(L; q, t),(1.6)
W~λ(L; q,−t) = (−1)‖
~λ‖W~λ(L; q, t).(1.7)
Remark 1.3. These symmetries in Theorem 1.2 are very general. For example, combing
(1.5) and (1.7), we obtain the symmetry:
W~λt(L; q−1,−t) =W~λ(L; q, t)(1.8)
which is referred as the rank-level duality in [21, 16]. Moreover, for a knot K, if we use K˜
to denote the mirror of K, then we have Wλ(K˜; q, t) = Wλ(K; q−1, t−1) (See formula (4.19)
in [27]). By formula (1.5), it is straightforward to obtain
Wλ(K˜; q, t) = (−1)|λ|Wλt(K; q, t−1),(1.9)
which is just the formula (5) in [31].
1.3. Congruent skein relations.
1.3.1. Background. The seminal work [35] of E. Witten showed that Chern-Simons gauge
theory provides a natural way to study the quantum invariants. In this framework, the
expectation value of Wilson loop along a link L in S3 gives a topological invariant of the
link depending on the representation of the gauge group. N. Reshetikhin and V. Turaev
[30] gave a mathematical construction of this link invariant by using the representation
theory of the quantum group. In particular, the gauge group SU(N) with irreducible
representation will give rise to the colored HOMFLY-PT invariant of the link L. In
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another fundamental work of Witten [36], the U(N) Chern-Simons gauge theory on a
three-manifold M was interpreted as an open topological string theory on T ∗M with N
topological branes wrapping M inside T ∗M . Furthermore, Gopakumar-Vafa [6] conjec-
tured that the large N limit of SU(N) Chern-Simons gauge theory on S3 is equivalent to
the closed topological string theory on the resolved conifold. This highly nontrivial string
duality was first checked for the case of the unknot by Ooguri-Vafa [28]. Later, a series of
work [21, 20] based on the large N Chern-Simons/topological string duality, conjectured
an expansion of the Chern-Simons partition functions in terms of an infinite sequence of
integer invariants, which is called the Labastida-Marin˜o-Ooguri-Vafa (LMOV) conjecture.
This integrality conjecture serves as an essential evidence of the Chern-Simons/topological
string duality and was proved in [15]. When considering the framing dependence for U(N)
Chern-Simons gauge theory, the integrality structure is even more amazing as described
in [27]. In [17], two authors K. Liu and P. Peng paved a new way to study this framing
dependence integrality structure conjecture (we call it framed LMOV conjecture in the
following). In this framework, the framed LMOV conjecture provides us the interesting
congruent skein relation for the reformulated colored HOMFLY-PT invariant Zˇ~µ(L; q, t).
1.3.2. Formulations. In particular, when ~µ = ((p), ..., (p)) with L row partitions (p), for
p ∈ Z+ . We use the notation Zˇp(L; q, t) to denote the reformulated colored HOMFLY-
PT invariant Zˇ((p),...,(p))(L; q, t) for simplicity. By this definition, for a link L with L-
components, Zˇ1(L; q, t) is equal to the classical (framing dependence) HOMFLY-PT poly-
nomial H(L; q, t) by multiplying a factor [1]L, i.e Zˇ1(L; q, t) = [1]LH(L; q, t). The skein
relation for the classical HOMFLY-PT polynomial leads to the skein relation for Zˇ1(L; q, t)
as follow:
Zˇ1(L+; q, t)− Zˇ1(L−; q, t) = Zˇ1(L0; q, t),(1.10)
when the crossing is the self-crossing of a component of the link L, and
Zˇ1(L+; q, t)− Zˇ1(L−; q, t) = [1]2Zˇ1(L0; q, t),(1.11)
when the crossing is the linking of two different components of the link L.
We use the notation L+1 to denote the link obtained by adding a positive kink to one
of the component of link L. By the relation (2.5),
Zˇ1(L+1; q, t) = tZˇ1(L; q, t).(1.12)
By using the framing change formulas showed in Section 5, we establish the follow formula
for Zˇp(L; q, t):
Theorem 1.4. When p is a prime,
Zˇp(L+1; q, t) ≡ (−1)p−1tpZˇp(L; q, t) mod {p}2.(1.13)
We see that Zˇp(L; q, t) has nice properties and the similar behaviors with Zˇ1(L; q, t).
A natural question is if there exists the similar skein relation for Zˇp(L; q, t)? Motivated
by the new approach to the framed LMOV conjecture [17], we propose the following
congruent skein relation for the reformulated colored HOMFLY-PT invariant Zˇp(L; q, t)
as follow:
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Conjecture 1.5. For any link L and a prime number p, we have
Zˇp(L+; q, t)− Zˇp(L−; q, t) ≡ (−1)p−1Zˇp(L0; q, t) mod {p}2,(1.14)
when the crossing is the self-crossing of a knot, and
Zˇp(L+; q, t)− Zˇp(L−; q, t) ≡ (−1)p−1p[p]2Zˇp(L0; q, t) mod {p}2[p]2.(1.15)
when the crossing is the linking of two different components of the link L. Where the
notation A ≡ B mod C denotes A−B
C
∈ Z[(q − q−1)2, t±1]. And [p] = qp − q−p, {p} =
(qp − q−p)/(q − q−1).
1.3.3. Evidence. The complete proof of the above two relations is unknown, but some
partial results will be given in Section 6 and appendix. For examples, we have
Theorem 1.6. Let K+ be the knot obtained by adding a positive kink to knot K, and K− be
the knot obtained by adding a negative kink to knot K, let K0 = K⊗U , then (K+,K−,K0)
forms a Conway triple and the congruent skein relation (1.14) holds.
Theorem 1.7. For the Conway triple L+ = 41, L−=unknot with two negative kinks
and L0 = T (2,−2) with one positive kink. The congruent skein relation (1.14) holds for
p = 2, 3.
Theorem 1.8. Consider the (p, q) torus link T (p, q). Let k ∈ Z, for the Conway triple
L+ = T (2, 2k+ 1), L− = T (2, 2k− 1), L0 = T (2, 2k), the congruent skein relation (1.14)
holds for p = 2.
Similarly, for the Conway triple L+ = T (2, 2k), L− = T (2, 2k − 2), L0 = T (2, 2k − 1),
the congruent skein relation (1.15) holds for p = 2.
1.4. Colored Jones polynomials. Colored Jones polynomial can be viewed as the spe-
cial case of the colored HOMFLY-PT invariant:
JN(L; q) = q
−2lk(L)N(N+1)W(N)(N),...,(N)(L, q, q2)
W(N)(U ; q, q2)
(1.16)
So it is natural to consider if there exists the similar congruent skein relation for colored
Jones polynomials JN(L; q). Please note that we use a little different symbol for the col-
ored Jones polynomial in this paper, here N denotes the SymN (V ) (V is the fundamental
representation), which is the N +1-dimension irreducible representation of Uq(sl2C). We
prove the following congruent skein relation for any knot K.
Theorem 1.9. For any positive integers N, k and N ≥ k ≥ 0,
JN(K+; q)− JN(K−; q) ≡ Jk(K+; q)− Jk(K−; q) mod [N − k][N + k + 2].(1.17)
In fact, by using the cyclotomic expansion formula for colored Jones polynomial due to
K. Habiro [7], we prove the following equivalent result.
Theorem 1.10. For any knot K, and positive integers N ≥ k ≥ 0,
JN(K; q)− Jk(K; q) ≡ 0 mod [N − k][N + k + 2].(1.18)
In particular, taking k = 0, we obtain
Theorem 1.11. For any knot K, i ∈ Z,
JN(K; e
pii
√−1
N ) = 1, JN(K; e
pii
√−1
N+2 ) = 1.
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If we take N = 1, i = 1 in Theorem 1.10, we have J1(K; epi
√−1
3 ) = 1 which is a famous
result due to V. Jones (see 12.4 in [11] and compare the notation J1(L) and the Jones
polynomial VL(t) in [11]).
As an important application of Theorem 1.10, we obtain a vanishing result of the
Reshetikhin-Turaev invariant for certain 3 dimensional oriented closed manifolds. Let us
denote by Mp the 3-manifold obtained from S
3 by doing a p-surgery (p ∈ Z) along a knot
K ⊂ S3. Let q(s) = e spi
√−1
r , Jn(K; q(s)) be the n+ 1-dimension colored Jones polynomial
of K discussed above at the roots of unity q = q(s). According to [30, 34], for odd integer
r ≥ 3, the Reshetikhin-Turaev invariants τr(Mp; q(s)) of Mp can be calculated by the
following formula:
τr(Mp; q(s)) = C(r)
r−2∑
n=0
(
sin
s(n+ 1)π
r
)2
e−
sp(n2+2n)pi
√−1
2r Jn(K; q(s)),(1.19)
where C(r) denotes certain function depending only on r.
Inspired by the numerical phenomenon observed in [5], we prove the following
Theorem 1.12 (Vanishing of Reshetikhin-Turaev invariants). For odd r ≥ 3, if p = 4k+2
(k ∈ Z) and odd s, then we have the vanishing of Reshetikhin-Turaev invariants as follows
τr(Mp; q(s)) = 0.(1.20)
This vanishing result surprises us a bit. After the communications with E. Witten , he
told us that there should be a physical interpretation behind this phenomenon [37].
We also propose the following congruent skein relations for the SU(n) quantum invari-
ant for n ≥ 3.
Conjecture 1.13. For a knot K, for any positive integer N, k and N ≥ k ≥ 0, we have
J
SU(n)
N (K+; q)− JSU(n)N (K−; q) ≡ JSU(n)k (K+; q)− JSU(n)k (K−; q) mod [N − k].(1.21)
J
SU(n)
N (K+; q)− JSU(n)N (K−; q)(1.22)
≡ JSU(n)k (K+; q)− JSU(n)k (K−; q) mod [N + k + n].
J
SU(n)
N (K+; q)− JSU(n)N (K−; q) ≡ JSU(n)k (K+; q)− JSU(n)k (K−; q) mod [n− 1].(1.23)
Finally these congruent skein relations for SU(n)) quantum invariants leads to Volume
Conjectures for SU(n) quantum invariants recently studied in [4].
The rest of this paper is organized as follows. In Section 2, we introduce the HOMFLY-
PT skein model to give the definition of (reformulated) colored HOMFLY-PT invariants.
In Section 3, we prove the integrality theorem for the reformulated colored HOMFLY-PT
invariants. In Section 4, we establish the symmetries for colored HOMFLY-PT invariants,
including the rank-level duality as applications. In Section 5, We provide more results on
the (reformulated) colored HOMFLY-PT invariants such as framing changing formulas,
which could be seen as the preparation for our study of the congruent skein relations.
In Section 6, we first propose a conjecture of congruent skein relation for reformulated
colored HOMFLY-PT invariants, then we prove them in some special cases. Furthermore,
we show an application of the congruent skein relations. Colored Jones polynomial can
CONGRUENT SKEIN RELATIONS 7
be regarded as the special case of the colored HOMFLY-PT invariant. In Section 7, we
prove a congruent skein relation for colored Jones polynomial by using the cyclotomic
expansion of the colored Jones polynomial of knot. Then we show a vanishing result
of the Reshetikhin-Turaev invariants for certain 3-manifols as an interesting application
of this congruent skein relation for colored Jones polynomials. Furthermore, we conjec-
tured link case of congruent skein relations for colored Jones polynomials and knot case
of congruent skein relations for SU(n) quantum invariants. In the appendix, we provide
some sample examples to illustrate the congruent skein relations for reformulated colored
HOMFLY-PT invariants, colored Jones polynomials and SU(n) quantum invariants.
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2. Colored HOMFLY-PT invariants
2.1. Partitions and symmetric functions. A partition λ is a finite sequence of positive
integers (λ1, λ2, ..) such that λ1 ≥ λ2 ≥ · · · . The length of λ is the total number of parts
in λ and denoted by l(λ). The weight of λ is defined by |λ| =∑l(λ)i=1 λi. If |λ| = d, we say
λ is a partition of d and denoted as λ ⊢ d. The automorphism group of λ, denoted by
Aut(λ), contains all the permutations that permute parts of λ by keeping it as a partition.
Obviously, Aut(λ) has the order |Aut(λ)| =∏l(λ)i=1 mi(λ)! where mi(λ) denotes the number
of times that i occurs in λ.
Every partition is identified to a Young diagram. The Young diagram of λ is a graph
with λi boxes on the i-th row for j = 1, 2, .., l(λ), where we have enumerated the rows
from top to bottom and the columns from left to right. Given a partition λ, we define
the conjugate partition λt whose Young diagram is the transposed Young diagram of λ:
the number of boxes on j-th column of λt equals to the number of boxes on j-th row of
λ, for 1 ≤ j ≤ l(λ).
The following numbers associated with a given partition λ are used frequently in this
article:
zλ =
l(λ)∏
j=1
jmj(λ)mj(λ)! and kλ =
l(λ)∑
j=1
λj(λj − 2j + 1).(2.1)
Obviously, kλ is an even number and kλ = −kλt .
In the following, we will use the notation P+ to denote the set of all the partitions of
positive integers. Let ∅ be the partition of 0, i.e. the empty partition. Define P = P+∪{∅},
and PL the L tuple of P.
The power sum symmetric function of infinite variables x = (x1, .., xN , ..) is defined by
pn(x) =
∑
i x
n
i . Given a partition λ, define pλ(x) =
∏l(λ)
j=1 pλj (x). The Schur function sλ(x)
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is determined by the Frobenius formula
sλ(x) =
∑
µ
χλ(µ)
zµ
pµ(x).(2.2)
where χλ is the character of the irreducible representation of the symmetric group S|λ|
corresponding to λ, we have χλ(µ) = 0 if |µ| 6= |λ|. The orthogonality of character formula
gives ∑
λ
χλ(µ)χλ(ν)
zµ
= δµν .(2.3)
2.2. HOMFLY-PT skein theory. We follow the notations in [9]. Define the coefficient
ring Λ = Z[q±1, t±1] with the elements qk − q−k admitted as denominators for k ≥ 1.
Let F be a planar surface, the framed HOMFLY-PT skein S(F ) of F is the Λ-linear
combination of the orientated tangles in F , modulo the two local relations as showed in
Figure 1 where z = q − q−1, It is easy to follow that the removal an unknot is equivalent
- =   z
=   t
Figure 1.
to time a scalar s = t−t
−1
q−q−1 , i.e we have the relation showed in Figure 2.
=  s
Figure 2.
2.2.1. The plane. When F = R2, it is easy to follow that every element in S(F ) can
be represented as a scalar in Λ. For a link L with a diagram DL, the resulting scalar
〈DL〉 ∈ Λ is the (framed unreduced) HOMFLY-PT polynomial H(L; q, t) of the link
L. I.e. H(L; q, t) = 〈DL〉. We use the convention 〈 〉 = 1 for the empty diagram, so
H(U ; q, t) = t−t−1
q−q−1 . The two relations showed in Figure 1 lead to
H(L+; q, t)−H(L−; q, t) = zH(L0; q, t),(2.4)
H(L+1; q, t) = tH(L; q, t) and H(L−1; q, t) = t−1H(L; q, t).(2.5)
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The classical HOMFLY-PT polynomial of a link L is given by
P (L; q, t) = t
−w(L)H(L; q, t)
H(U ; q, t) ,(2.6)
where w(L) denotes the writhe number of link L.
2.2.2. The rectangle. When F is a rectangle with n inputs at the top and n outputs at
the bottom. Let Hn be the skein S(F ) of n-tangles. See Figure 3 for an element in Hn.
...
...
T
Figure 3.
Composing n-tangles by placing one above another induces a product which makes Hn
into the Hecke algebra Hn(z) with the coefficients ring Λ, where z = q − q−1. Hn(z) has
a presentation generated by the elementary brads σi subjects to the braid relations
σiσi+1σi = σi+1σiσi+1(2.7)
σiσj = σjσi, |i− j| ≥ 1.
and the quadratic relations σ2i = zσi + 1.
2.2.3. The annulus. When F = S1 × I is the annulus, we denote C = S(S1 × I). C is a
commutative algebra with the product induced by placing the annulus one outside other.
For any element T ∈ Hn, we use Tˆ to denote the closure of T as showed in Figure 4.
...
...
TT =
^
Figure 4.
It is clear that Tˆ ∈ C. As an algebra, C is freely generated by the set {Am : m ∈ Z},
Am for m 6= 0 is the closure of the braid σ|m|−1 · · ·σ2σ1, and A0 is the empty diagram [33].
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It follows that C contains two subalgebras C+ and C− which are generated by {Am : m ∈
Z, m ≥ 0} and {Am : m ∈ Z, m ≤ 0}. We denote the image of the closure map Hn → C+
as Cn. Thus C+ = ∪n≥0Cn. The linear subspace Cn has a useful interpretation as the space
of symmetric polynomials of degree n in variables x1, .., xN , for large enough N . C+ can
be viewed as the algebra of the symmetric functions.
2.3. Basic elements in the skein of annulus C+.
2.3.1. Turaev’s geometrical basis of C+. The element Am ∈ C+ is the closure of the braid
σm−1 · · ·σ2σ1 ∈ Hm. Its mirror image A¯m is the closure of the braid σ−1m−1 · · ·σ−12 σ−11 .
Given a partition λ = (λ1, .., λl) of m with length l, we define the monomial Aλ =
Aλ1 · · ·Aλl . Then the monomials {Aλ}λ⊢m becomes a basis of Cm which is called the
Turaev’s geometric basis of C+.
Moreover, let Ai,j be the closure of the braid σi+jσi+j−1 · · ·σj+1σ−1j · · ·σ−11 . We define
the element Xm in Cm as Xm =
∑m−1
i=0 Ai,m−1−i. There exist some explicit geometric
relations between the elements A¯m, Am and Xm [26].
2.3.2. Symmetric function basis of C+. The subalgebra C+ ⊂ C can be interpreted as the
ring of symmetric functions in infinite variables x1, .., xN , .. [13]. The correspondence of
the power sum symmetric function pm(x) in Cm is denoted by Pm. Moreover, we have the
identity
[m]Pm = zXm.(2.8)
Denoted by Qλ the closures of idempotent elements eλ in the Hecke algebra Hm [1]. It
was showed by Lukac [13] that Qλ represent the Schur functions in the interpretation as
symmetric functions. Hence {Qλ}λ⊢m forms a basis of Cm. Furthermore, the Frobenius
formula (2.2) gives
Qλ =
∑
µ
χλ(Cµ)
zµ
Pµ,(2.9)
where Pµ =
∏l(µ)
i=1 Pµi.
2.4. Notations. For brevity, the following notations will be used throughout the paper.
[d] = qd − q−d, ∆d = q
d + q−d
2
, {d} = [d]
[1]
.(2.10)
In particular, [1] = z. For ~λ = (λ1, λ2, ..., λL), ~µ = (µ1, µ2, ..., µL) ∈ PL, we introduce
‖~λ‖ =
L∑
α=1
|λα|, ~λt = ((λ1)t, ..., (λL)t), z~λ =
L∏
α=1
zλα , χ~λ(~µ) =
L∏
α=1
χλα(µ
α),
Q~λ = ⊗Lα=1Qλα , P~λ = ⊗Lα=1Pλα , [~µ] =
L∏
α=1
l(µα)∏
j=1
[µαj ].
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2.5. Definitions of the colored HOMFLY-PT invariants. Let L be a framed link
with L components with a fixed numbering. For diagrams Q1, .., QL in the skein model of
annulus with the positive oriented core C+, a link L decorated with Q1, ..., QL, denoted
by L ⋆ ⊗Li=1Qi, is constructed by replacing every annulus L by the annulus with the
diagram Qi such that the orientations of the cores match. Each Qi has a small backboard
neighborhood in the annulus which makes the decorated link L ⋆ ⊗Li=1Qi into a framed
link (see Figure 5 for a framed trefoil K decorated by skein element Q).
K Q K ⋆Q
Figure 5.
In particular, when Qλα ∈ Cdα , where λα is the partition of a positive integer dα, for
α = 1, .., L. The framed colored HOMFLY-PT invariant of L decorated by Q~λ is defined
to be the framed HOMFLY-PT invariant of the decorated link L ⋆Q~λ, i.e. H(L ⋆Q~λ). By
adding a framing factor to eliminate the framing dependency
Definition 2.1. The (framing-independence) colored HOMFLY-PT invariant is given by
W~λ(L; q, t) = q−
∑L
α=1 κλα |w(Kα)|t−
∑L
α=1 |λα|w(Kα)H(L ⋆ Q~λ).(2.11)
Some basic properties of the colored HOMFLY-PT invariant W~λ(L; q, t) are given in
[15, 38]. For convenience, we also study the following reformulated colored HOMFLY-PT
invariants.
Definition 2.2. The reformulated colored HOMFLY-PT invariants are defined as:
Z~µ(L; q, t) =
∑
~λ
χ~λ(~µ)H(L ⋆ Q~λ) = H(L ⋆ P~µ), Zˇ~µ(L; q, t) = [~µ]Z~µ(L; q, t).(2.12)
Remark 2.3. From the view of the HOMFLY-PT skein theory, the reformulated colored
HOMFLY-PT invariants Z~µ(L; q, t) or Zˇ~µ(L; q, t) are simpler than the colored HOMFLY-
PT invariant W~λ(L; q, t), since the expression of P~µ is simpler than Q~λ and has the nice
property, see [26] for the similar statement. Therefore, it is natural to study the reformu-
lated colored HOMFLY-PT invariant Z~µ(L; q, t) or Zˇ~µ(L; q, t) instead of W~λ(L; q, t).
3. Integrality property
We have introduced in Section 2, Pm is the correspondence of the symmetric power
function in the skein C+. The geometric representation of Pm is given by
[m]Pm = zXm = z
m−1∑
i=0
Ai,m−1−i,(3.1)
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where Ai,m−1−i is the closure of the braid σm−1 · · ·σm−iσ−1m−i−1 · · ·σ−1m−i−j . Let
Pˇm = [m]Pm, Pˇµ =
l(µ)∏
i=1
Pˇµi.(3.2)
In particular, P1 is the identity element in C+. Thus Zˇ((1),..,(1))(L; q, t) = zLH(L; q, t),
for a link L with L-components. For convenience, in the following, we will also use
the notation Zˇ(L; q, t) to denote Zˇ((1),..,(1))(L; q, t) and the notation Zˇp(L; q, t) to denote
Zˇ((p),...,(p))(L; q, t) . By the skein relation (2.4) of H(L), we have
Zˇ(L+; q, t)− Zˇ(L−; q, t) = z2ǫZˇ(L0; q, t).(3.3)
where ǫ = 0 if the crossing is a self-crossing of a knot, ǫ = 1 if this crossing is a linking
between two components of a link. Let U be the unknot, we have Zˇ(U ; q, t) = t − t−1.
By using (3.3), it is obvious that
Lemma 3.1. For any link L, Zˇ(L; q, t) ∈ Z[z2, t±1].
Furthermore, we have
Theorem 3.2. For any link L with L components, and ~µ = (µ1, ..., µL) ∈ PL,
Zˇ~µ(L; q, t) ∈ Z[z2, t±1].(3.4)
Proof. We first consider the knot case, for a knot K and a partition µ of length l(µ) = l.
We will show that Zˇµ(K) ∈ Z[z2, t±1].
By the formula (3.2) and Lemma 3.1,
Zˇ(m)(K) = H(K ⋆ Pˇm) = zH(K ⋆ Xm) = Zˇ(K ⋆ Xm) ∈ Z[z2, t±1](3.5)
We let K(l) be the l-cabling of the knot K which is a link of l components. Then
Zˇµ(K) = H(K ⋆ Pˇµ) = zlH(K(l) ⋆⊗lj=1Xµj ) = Zˇ(K(l) ⋆⊗lj=1Xµj ) ∈ Z[z2, t±1].(3.6)
As to the case of the link L with L components. Let ~l = (l1, ..., lL), where lα = l(µα).
We let L(~l) be the ~l-cabling of the link L which is a link of
∑L
α=1 l
α components. Similarly,
we have
Zˇ~µ(L) = H(L ⋆ Pˇ~µ)(3.7)
= z
∑L
α=1 l
αH(L(~l) ⋆⊗Lα=1 ⊗l
α
j=1 Xµαj )
= Zˇ(L(~l) ⋆⊗Lα=1 ⊗l
α
j=1 Xµαj ) ∈ Z[z2, t±1].

4. Symmetries, Level-rank duality
In this section, we will prove the symmetries for colored HOMFLY-PT invariants as
showed in the introduction.
Theorem 4.1. Given a link L with L components, and ~λ = (λ1, .., λL) ∈ PL, we have
the following symmetry:
W~λ(L; q−1, t) = (−1)‖
~λ‖W~λt(L; q, t)(4.1)
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Proof. We only prove the case for a knot K, it is straightforward to generalize the proof
to link case. For µ ∈ P, by Theorem 3.2,
Zˇµ(K; q, t) ∈ Z[z2, t±1],(4.2)
so Zˇµ(K; q−1, t) = Zˇµ(K; q, t). By Zˇµ(K; q, t) = [µ]Zµ(K; q, t), we have
Zµ(K; q−1, t) = (−1)l(µ)Zµ(K; q, t).(4.3)
Therefore,
H(K ⋆ Qλ; q−1, t) =
∑
µ
χλ(µ)
zµ
Zµ(K; q−1, t)(4.4)
=
∑
µ
χλ(µ)
zµ
(−1)l(µ)Zµ(K; q, t)
= (−1)|λ|
∑
µ
χλt(µ)
zµ
Zµ(K; q, t)
= (−1)|λ|H(K ⋆ Qλt ; q, t)
where we have used the fact
χλt(µ) = (−1)|λ|−l(µ)χλ(µ).(4.5)
Moreover, since κλ = −κλt and (2.11), finally, we get
Wλ(K; q−1, t) = (−1)|λ|Wλt(K; q, t).(4.6)

Similarly, by Theorem 3.2, we also have
Zµ(K;−q−1, t) = (−1)|µ|+l(µ)Zµ(K; q, t).(4.7)
Thus, with the same procedure as in (4.4),
H(K ⋆ Qλ;−q−1, t) = H(K ⋆ Qλt ; q, t).(4.8)
Since κλ is even and κλ = −κλt , by (2.11), we have
Theorem 4.2. Given a link L with L components, and ~λ = (λ1, .., λL) ∈ PL, then
W~λ(L;−q−1, t) = W~λt(L; q, t).(4.9)
In order to show the third symmetry, for brevity, we introduce the function OE to
judge the parity of an integer n ∈ Z. In other words, OE(n) = odd for n odd, and
OE(n) = even for n even. We also use the notation L(L) to denote the number of the
components of link L.
Lemma 4.3. For a link L, all the degrees of t in H(L; q, t) are odd if OE(L(L)+w(L)) =
odd or even if OE(L(L) + w(L)) = even.
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Proof. By using the skein relation
H(L+)−H(L−) = (q − q−1)H(L0)(4.10)
to resolve the crossings, and combing the Reidemeister moves of types II and III, any
link L will eventually becomes a finite sum of the links U⊗k ⊗ T⊗l for some k, l ∈ Z+,
where U and T denote the unknot and a unknot with a positive kink respectively. We use
the notation S(L) to denote the set of all U⊗k ⊗ T⊗l that will appear in the final states
after resolving all the crossings in L. In other words, for any link L, we always have the
following expansion form:
H(L) =
∑
U⊗k⊗T⊗l∈S(L)
ak,lH(U⊗k ⊗ T⊗l)(4.11)
where all the coefficients ak,l are constants (only depends on q) independent of t.
On the other hand side, it is easy to see the following identity always holds for any
Conway triple (L+,L−,L0):
OE(L(L+) + w(L+)) = OE(L(L−) + w(L−)) = OE(L(L0) + w(L0))(4.12)
Therefore, for all U⊗k⊗T⊗l ∈ S(L), all the integers L(U⊗k⊗T⊗l)+w(U⊗k⊗T⊗l) = k+2l
have the same parity. It is clear that
H(U⊗k ⊗ T⊗l) =
(
t− t−1
q − q−1
)k+l
tl,(4.13)
and the argument holds. Hence it also holds for L by formula (4.11). 
Next, we will prove the third symmetry.
Theorem 4.4. Given a link L with L components, and ~λ = (λ1, .., λL) ∈ PL, we have
W~λ(L; q,−t) = (−1)‖
~λ‖W~λ(L; q, t).(4.14)
Proof. We only prove the case for a knot K, it is straightforward to write the proof for
link case. By the formula (3.1) for Pm, we have
Pm =
1
{m}
(
m−1∑
i=0
̂σm−1σm−2 · · ·σ−1m−1−i · · ·σ−12 σ−11
)
.(4.15)
For a general term ̂σm−1σm−2 · · ·σ−1m−1−i · · ·σ−12 σ−11 , the writhe number is given by
w( ̂σm−1 · · ·σ−1m−1−i · · ·σ−11 ) = 2i− (m− 1).(4.16)
So for a knot K,
w(K ⋆ ̂σm−1 · · ·σ−1m−1−i · · ·σ−11 ) = mw(K) + 2i− (m− 1).(4.17)
and the number of components is
L(K ⋆ ̂σm−1 · · ·σ−1m−1−i · · ·σ−11 ) = 1.(4.18)
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Therefore,
L(K ⋆ ̂σm−1 · · ·σ−1m−1−i · · ·σ−11 ) + w(K ⋆ ̂σm−1 · · ·σ−1m−1−i · · ·σ−11 )(4.19)
= m(w(K)− 1) + 2(i+ 1).
By Lemma 4.3, we have
H(K ⋆ ̂σm−1 · · ·σ−1m−1−i · · ·σ−11 ; q,−t)(4.20)
= (−1)m(w(K)−1)H(K ⋆ ̂σm−1 · · ·σ−1m−1−i · · ·σ−11 ; q, t)
Hence,
Zm(K; q,−t) = (−1)m(w(K)−1)Zm(K; q, t).(4.21)
More general, for a partition µ, one also has
Zµ(K; q,−t) = (−1)|µ|(w(K)−1)Zµ(K; q, t).(4.22)
Thus,
H(K ⋆ Qλ, q,−t) = (−1)|λ|(w(K)−1)H(K ⋆ Qλ, q, t)(4.23)
Therefore,
Wλ(K; q,−t) = q−κλw(K)t−|λ|w(K)(−1)−|λ|w(K)H(K ⋆ Qλ, q,−t)(4.24)
= (−1)|λ|Wλ(K; q, t)

Combing the above two identities in Theorem 4.1 and Theorem 4.4, we obtain the
following rank-level duality as showed in [21, 16]:
Corollary 4.5. Given a link L with L components, and ~λ = (λ1, .., λL) ∈ PL,
W~λt(L; q−1,−t) = W~λ(L; q, t).(4.25)
5. More results on reformulated colored HOMFLY-PT invariants
In this section, we will provide more basic results of the reformulated colored HOMFLY-
PT invariants. These formulas are very useful in proof of the LMOV conjecture [15, 17]
which motivates us to study the congruent skein relations.
5.1. Framing change formula. Let C+ be the HOMFLY-PT skein of annulus with
positive orientation. We have showed that {Qλ} forms a basis of this skein. We define
the framing map fτ : C+ → C+ as the linear map defined on the basis {Qλ} by
fτ (Qλ) = q
κλτ t|λ|τQλ.(5.1)
For ~τ = (τ 1, .., τL),
f~τ(Q~λ) = ⊗Lα=1fτ
α
(Qλα).(5.2)
We define the reformulated colored HOMFLY-PT invariant Z~µ(L; q, t;~τ) with framing
~τ as follow
Z~µ(L; q, t;~τ) = H(L ⋆ f~τ(P~µ)).(5.3)
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Lemma 5.1. Given µ, ν ∈ P+, we define the following function
φµ,ν(x) =
∑
λ
χλ(µ)χλ(ν)x
κλ ,(5.4)
then we have φ(d),µ = [dµ]x/[d]x.
Proof. If λ is a hook partition (a+1, 1, 1, ..., 1), then κλ = (a+1)a− (b+1)b, where b+1
is the length of the partition and we may also write it as (a|b). Note that
χλ((d)) =
{
(−1)b, if λ is a hook partition (a|b),(5.5a)
0, otherwise;
and κ(a|b) = (a− b)d. By problem 14 at page 49 of [23], taking t = y, we have
∏
i
1− y−1xi
1− yxi = E(−y
−1)H(y) = 1 + (y − y−1)
∑
µ
pµ(x)
zµ
∑
a,b≥0
χ(a|b)(µ)(−1)bya−b.(5.6)
since s(a|b)(x) =
∑
µ
χ(a|b)(mu)
zµ
pµ(x). On the other hand,
E(−y−1)H(y) = H(y)
H(y−1)
(5.7)
= exp
(∑
r≥1
pr(x)
r
(yr − y−r)
)
=
∏
r≥1
exp
(
pr(x)
r
(yr − y−r)
)
=
∏
r≥1
∑
mr≥0
pr(x)
mr(yr − y−r)mr
rmrmr!
=
∑
µ
pµ(x)
zµ
l(µ)∏
j=1
(yµj − y−µj)
Comparing the coefficients of pµ(x) in (5.6), we obtain
∑
a+b+1=|µ|
χ(a|b)(µ)(−1)bya−b =
∏l(µ)
j=1(y
µj − y−µj)
y − y−1(5.8)
Letting y = xd, we complete the proof. 
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The definition of framing map implies
fτ (Pd) =
∑
|λ|=d
χλ((d))f
τ
λ ·Qλ(5.9)
=
∑
|λ|=d
χλ((d))q
κλτ tdτ
∑
|µ|=d
χλ(µ)
zµ
Pµ
= tdτ
∑
|µ|=d
Pµ
zµ
φ(d),µ(q
τ ).
Therefore, by Lemma 5.1, we obtain
Theorem 5.2 (Framing change formula). Given any framing τ , we have
Z(d)(K; τ) = tdτ
∑
|µ|=d
Zµ(K)
zµ
[dτµ]
[dτ ]
,(5.10)
for given τ0 and τ , we have
Z(d)(K; τ0 + τ) = tdτ
∑
|µ|=d
Zµ(K; τ0)
zµ
[dτµ]
[dτ ]
.(5.11)
As to link case, we also have
Corollary 5.3. For given ~τ , ~τ0 and ~d = ((d1), ..., (dL)), we have
Z~d(L;~τ0 + ~τ) = t
∑L
α=1 dατ
α
∑
|µα|=dα
Z~µ(L;~τ0)
z~µ
·
L∏
α=1
[dατ
αµα]
[dατα]
.(5.12)
5.2. Congruent framing change formula. By simple computations, we have the fol-
lowing result:
Lemma 5.4. If m is even, then qmd + q−md ∈ Z[[d]2]; if m is odd, we have
qmd + q−md ∈ (qd + q−d) + (qd + q−d)[d]2 · Z[[d]2].(5.13)
Example 5.5. Let k ∈ Z, we have
q2k + q−2k ∈ Z[[1]2], q2k+1 + q−(2k+1) ∈ (q + q−1) + (q + q−1)[1]2 · Z[[1]2](5.14)
q2k+1 − q−(2k+1) = [1] ·
(
k∑
i=1
(q2i + q−2i) + 1
)
∈ [1]Z[[1]2],(5.15)
[d]2 = (qd − q−d)2 = q2d + q−2d − 2 ∈ Z[[1]2],(5.16)
q2k+1 ± q−(2k+1)
q ± q−1 ∈ Z[[1]
2],(5.17)
(
qd − q−d
q − q−1
)2k
∈ Z[[1]2].(5.18)
Definition 5.6. Let f(q, t), g(q, t) ∈ Z[q±1, t±1], if there exists a function h(z) ∈ Q[z2],
where z = q − q−1, such that f(q, t)− g(q, t) = {d}2 · h(z). Then we define
f(q, t) ≡ g(q, t) mod {d}2.(5.19)
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Lemma 5.7. Let m and d are two integers, we have
∆dm ≡ ∆md mod {d}2, when m = 2k or m = 1,(5.20)
[md]
[d]
≡ m∆m−1d mod {d}2, when m = 2k + 1 or m = 2.(5.21)
Proof. It is clear when m = 1, m = 2, the Lemma 5.7 holds. By Lemma 5.4, when
m = 2k, ∆dm =
q2kd+q−2kd
2
= c1[d]
2k + c2[d]
2(k−1) + · · · + 1, and ∆2kd =
(
qd+q−d
2
)2k
=
c′1[d]
2k + c′2[d]
2k−2 + · · ·+ 1. Thus ∆2kd −∆2kd ∈ [d]2 ·Q[[d]2] = [d]2 ·Q[z2].
Similarly, when m = 2k + 1,
[(2k + 1)d]
[d]
=
q(2k+1)d − q−(2k+1)d
qd − q−d(5.22)
= q2kd + q(2k−2)d + · · ·+ 1 + · · ·+ q−(2k−2)d + q−2kd
= c1[d]
2k + · · ·+ (2k + 1).
and (2k + 1)∆2kd = c
′
1[d]
2k + · · ·+ (2k + 1). Thus [(2k+1)d]
[d]
− (2k + 1)∆2kd ∈ [d]2 ·Q[[d]2] =
[d]2 ·Q[z2]. 
Lemma 5.8. Let p be a prime number, we have
△p−1p ≡ (−1)p−1 mod {p}2.(5.23)
Proof. By definition, it is easy to see
∆2kp =
(
qp + q−p
2
)2k
= 1 + c1[p]
2 + · · · c2k−2[p]2k−2 + c2k[p]2k.(5.24)
So when p is an odd prime, then △p−1p ≡ 1 mod {p}2.
When p = 2, we have
△p−1p = △12 =
q2 + q−2
2
=
(q + q−1)2
2
− 1 ≡ −1 mod {2}2.(5.25)

By Lemma 5.7, we have for any prime number p,
[p2]
p[p]
≡ ∆p−1p mod {p}2.(5.26)
Furthermore, if p is a prime number, p is coprime to any µi, i = 1, 2, ..., l(µ), for |µ| = p
and l(µ) ≥ 2, a direct counting of the unit roots gives the following structure
[pµ]
[µ]
∈ {p}2 · Z[z2].(5.27)
On the other hand side, the formula (5.9) shows
f1+τ (Pˇd) = t
d

fτ (Pˇd) [d2]
d[d]
+
∑
|µ|=d
fτ (Pˇµ)
zµ
[dµ]
[µ]

 .(5.28)
So combing the Lemma 5.7 and 5.8, we obtain the following results:
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Theorem 5.9. Given a knot K and a framing τ , if p is a prime number, then
Zˇp(K; τ) ≡ tpτ (−1)τ(p−1)Zˇp(K) mod {p}2.(5.29)
We use the notation L+1 to denote the link obtained by adding a positive kink to the
α-th component of link L, then
Zˇp(L+1) = Zˇp(L;~τ = (0, .., τα = 1, 0.., 0)).(5.30)
Therefore, we have
Theorem 5.10. When p is prime,
Zˇp(L+1) ≡ (−1)p−1tpZˇp(L) mod {p}2.(5.31)
6. Congruent skein relations for (reformulated) colored HOMFLY-PT
invariants
We have showed in Section 3, the reformulated colored HOMFLY-PT invariant Zˇp(L; q, t)
has nice properties. Zˇp(L; q, t) can be viewed as the generalization of the classical
HOMFLY-PT polynomial H(L; q, t). By this definition, for a link L with L-components,
Zˇ1(L; q, t) is equal to the classical (framing dependence) HOMFLY-PT polynomialH(L; q, t)
by multiplying a factor zL, i.e Zˇ1(L; q, t) = zLH(L; q, t). The skein relation for H(L; q, t)
leads to the skein relation for Zˇ1(L; q, t) as follow:
Zˇ1(L+; q, t)− Zˇ1(L−; q, t) = Zˇ1(L0; q, t),
when the crossing is the self-crossing of a component of the link L, and
Zˇ1(L+; q, t)− Zˇ1(L−; q, t) = z2Zˇ1(L0; q, t),
when the crossing is the linking of two different components of the link L.
We expect Zˇp has the similar behavior with Zˇ1. So it is natural to ask if there exist
the skein relation for Zˇp? Based on the new approach to LMOV conjecture [17], we
propose the following congruent skein relations for the reformulated colored HOMFLY-
PT invariants Zˇp.
Conjecture 6.1 (Congruent skein relations). For any link L and a prime number p, we
have
Zˇp(L+)− Zˇp(L−) ≡ (−1)p−1Zˇp(L0) mod {p}2,(6.1)
when the crossing is the self-crossing of a knot, and
Zˇp(L+)− Zˇp(L−) ≡ (−1)p−1p[p]2Zˇp(L0) mod {p}2[p]2.(6.2)
when the crossing is the linking of two different components of the link L. Where the
notation A ≡ B mod C denotes A−B
C
∈ Z[(q − q−1)2, t±1].
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6.1. Confirmations. The congruent skein relations (6.1) and (6.2) in Conjecture 6.1
have been tested by a lot of examples (see Appendix 8 for some sample examples). In the
following, we show some partial results for Conjecture 6.1.
Theorem 6.2. Let K+ be the knot obtained by adding a positive kink to knot K, and K− be
the knot obtained by adding a negative kink to knot K, let K0 = K⊗U , then (K+,K−,K0)
forms a Conway triple and the congruent skein relation (6.1) holds.
Proof. According to the Theorem 5.9, we have
Zˇp(K+) = Zˇp(K; τ = 1) ≡ tp(−1)p−1Zˇp(K) mod {p}2,(6.3)
Zˇp(K−) = Zˇp(K; τ = −1) ≡ t−p(−1)p−1Zˇp(K) mod {p}2.
Therefore,
Zˇp(K+)− Zˇp(K−) ≡ (−1)p−1Zˇp(K ⊗ U) mod {p}2.(6.4)
since Zˇp(U) = tp − t−p. 
Theorem 6.3. For the Conway triple L+ = 41, L−= unknot with two negative kinks
and L0 = T (2,−2) with one positive kink. The congruent skein relation (6.1) holds for
p = 2, 3.
Proof. See examples 8.1 and 8.2 in Appendix 8. 
Theorem 6.4. Let k ∈ Z, for the triple L+ = T (2, 2k + 1), L− = T (2, 2k − 1), L0 =
T (2, 2k), the congruent skein relation (6.1) holds for p = 2.
Similarly, for the triple L+ = T (2, 2k), L− = T (2, 2k − 2), L0 = T (2, 2k − 1), the
congruent skein relation (6.2) holds for p = 2.
Proof. In fact, we need to prove the following two formulas:
Zˇ(2)(T (2, 2k + 1))− Zˇ(2)(T (2, 2k − 1)) + Zˇ(2)(2)(T (2, 2k)) ≡ 0 mod {2}2.(6.5)
Zˇ(2)(2)(T (2, 2k))− Zˇ(2)(2)(T (2, 2k − 2))(6.6)
+ 2[2]2Zˇ(2)(T (2, 2k − 1)) ≡ 0 mod {2}2[2]2.
Given a partition λ, we define sλ =
∑
µ
χλ(µ)
zµ
∏l(µ)
i=1
tµi−t−µi
qµi−q−µi . By formula (5.21) in the
paper of [22], we have
W(2)(2)(T (2, 2k)) = q
8ks(4) + s(3,1) + q
−4ks(2,2),
W(2)(1,1)(T (2, 2k)) = q
4ks(3,1) + q
−4ks(2,1,1),
W(1,1)(1,1)(T (2, 2k)) = q
4ks(4) + s(2,1,1) + q
−8ks(1,1,1,1),
W(2)(T (2, 2k + 1)) = q
4k+2(q4k+2s(4) − q−(4k+2)s(3,1) + q−(8k+4)s(2,2)),
W(1,1)(T (2, 2k + 1)) = q
−(4k+2)(q8k+4s(2,2) − q4k+2s(2,1,1) + q−(4k+2)s(1,1,1,1)).
Therefore, we obtain
Zˇ(2)(2)(T (2, 2k)) = [2]2Z(2)(2)(T (2, 2k))
= [2]2(W(2)(2)(T (2, 2k))− 2W(2)(1,1)(T (2, 2k)) +W(1,1)(1,1)(T (2, 2k)))
= [2]2(q8ks(4) + (1− 2q4k)s(3,1) + (q4k + q−4k)s(2,2) + (1− 2q−4k)s(2,1,1) + q−8ks(1,1,1,1))
= 1
4
(q4k + 2 + q−4k)(q4k − q−4k) t4−t−4
q4−q−4 (q
2 − q−2)2
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+1
3
(q6k − q−6k)(q2k − q−2k) t3−t−3
q3−q−3
t−t−1
q−q−1 (q
2 − q−2)2
+1
8
(q8k + 4q4k − 2 + 4q−4k + q−8k)(t2 − t−2)2
+1
4
[(q8k − q−8k)− 2(q4k − q−4k)](t2 − t−2)(t− t−1)2 (q+q−1)2
q2−q−2
+ 1
24
(q2k − q−2k)4
(
t−t−1
q−q−1
)4
(q2 − q−2)2
= 1
4
(q2k + q−2k)2 q
4k−q−4k
q4−q−4 (t
4 − t−4)(q2 − q−2)2
+1
3
q6k−q−6k
q6−q−6
q2k−q−2k
q2−q−2 (q
3 + q−3)(q + q−1)(t3 − t−3)(t− t−1)(q2 − q−2)2
+1
8
(q8k + 4q4k − 2 + 4q−4k + q−8k)(t2 − t−2)2
+1
4
(
q2k−q−2k
q2−q−2
)2
q4k−q−4k
q4−q−4 (q
2 + q−2)(t2 − t−2)(t− t−1)2(q + q−1)2(q2 − q−2)2
+ 1
24
(
q2k−q−2k
q2−q−2
)4
(q + q−1)4 (t− t−1)4 (q2 − q−2)2
Obviously, q
6k−q−6k
q6−q−6 ,
q4k−q−4k
q4−q−4 ,
q2k−q−2k
q2−q−2 are polynomials of q − q−1.
Moreover
(q3 + q−3)(q + q−1) ≡ (q + q−1)2(q2 − q−2)2
≡ (q + q−1)4 (t− t−1)4 (q2 − q−2)2 ≡ 0 mod {2}2[2]2.
So we get
Zˇ(2)(2)(T (2, 2k)) ≡ 14(q2k + q−2k)2 q
4k−q−4k
q4−q−4 (t
4 − t−4)(q2 − q−2)2
+1
8
(q8k + 4q4k − 2 + 4q−4k + q−8k)(t2 − t−2)2 mod {2}2[2]2
= 1
4
(q2k + q−2k)2 q
4k−q−4k
q4−q−4 (t
4 − t−4)(q2 − q−2)2
+1
8
(q8k − 4q4k + 6− 4q−4k + q−8k + 8q4k − 16 + 8q−4k + 8)(t2 − t−2)2 mod {2}2[2]2
= 1
4
(q2k + q−2k)2 q
4k−q−4k
q4−q−4 (t
4 − t−4)(q2 − q−2)2
+1
8
(q2k − q−2k)4(t2 − t−2)2 + (q2k − q−2k)2(t2 − t−2)2 + (t2 − t−2)2 mod {2}2[2]2
= 1
4
(q2k + q−2k)2 q
4k−q−4k
q4−q−4 (t
4 − t−4)(q2 − q−2)2
+1
8
(
q2k−q−2k
q2−q−2
)4
(t2 − t−2)2(q2 − q−2)4
+
(
q2k−q−2k
q2−q−2
)2
(t2 − t−2)2(q2 − q−2)2 + (t2 − t−2)2 mod {2}2[2]2
≡ 1
4
(q2k + q−2k)2 q
4k−q−4k
q4−q−4 (t
4 − t−4)(q2 − q−2)2
+
(
q2k−q−2k
q2−q−2
)2
(t2 − t−2)2(q2 − q−2)2 + (t2 − t−2)2 mod {2}2[2]2
We also have
Zˇ(2)(2)(T (2, 2k)) ≡ (t2 − t−2)2 mod [2]2(6.7)
Moreover, with the similar analysis, we have
Zˇ(2)(T (2, 2k + 1)) ≡
(
1
4
(q4k+2 + q−(4k+2))2
t4 − t−4
q4 − q−4(6.8)
+
1
8
(q4k+2 − q−(4k+2))(q2k+1 − q−(2k+1))2
(
t2 − t−2
q2 − q−2
)2)
(q2 − q−2) mod {2}2
Then, it is easy to get
Zˇ(2)(T (2, 2k + 1))− Zˇ(2)(T (2, 2k − 1)) ≡ 1
2
(q2 + q−2)
(
t2 − t−2)2 mod {2}2(6.9)
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Combing the formula (6.7), we obtain
Zˇ(2)(T (2, 2k + 1))− Zˇ(2)(T (2, 2k − 1))(6.10)
≡ 1
2
(q2 + q−2)Zˇ(2)(2)(T (2, 2k)) mod {2}2
≡ −Zˇ(2)(2)(T (2, 2k)) mod {2}2.
We finish the proof of the formula (6.5).
By the formula of Zˇ(2)(2)(T (2, 2k)) and (6.8), we have
Zˇ(2)(2)(T (2, 2k))− Zˇ(2)(2)(T (2, 2k − 2)) + 2[2]2Zˇ(2)(T (2, 2k − 1))
≡ 1
4
(q2k+ q−2k− q2k−2− q−2k+2)(q2k+ q−2k+ q2k−2+ q−2k+2) q4k−q−4k
q4−q−4 (t
4− t−4)(q2− q−2)2
+1
4
(q2k−2 + q−2k+2)2 q
4k−q−4k−q4k−4+q−4k+4
q4−q−4 (t
4 − t−4)(q2 − q−2)2
+(q2k − q−2k − q2k−2 + q−2k+2)(q2k − q−2k + q2k−2 − q−2k+2)(t2 − t−2)2
+1
2
(q4k−2 + q−(4k−2))2 t
4−t−4
q2+q−2 (q
2 − q−2)2
+1
4
(q4k−2 − q−(4k−2))(q2k−1 − q−(2k−1))2 (t2 − t−2)2 (q2 − q−2)
≡ 1
4
(q2k−1 − q−2k+1)(q − q−1)(q2k−1 + q−2k+1)(q + q−1) q4k−q−4k
q4−q−4 (t
4 − t−4)(q2 − q−2)2
+1
4
(q2k−2 + q−2k+2)2 (q
4k−2+q−4k+2)(q2−q−2)
q4−q−4 (t
4 − t−4)(q2 − q−2)2
+(q2k−1 + q−2k+1)(q − q−1)(q2k−1 − q−2k+1)(q + q−1)(t2 − t−2)2
+1
2
(q4k−2 + q−(4k−2))2 t
4−t−4
q2+q−2 (q
2 − q−2)2
+1
4
(q4k−2 − q−(4k−2))(q2k−1 − q−(2k−1))2 (t2 − t−2)2 (q2 − q−2)
≡ 1
4
(q2k−2 + q−2k+2)2 (q
4k−2+q−4k+2)(q2−q−2)
q4−q−4 (t
4 − t−4)(q2 − q−2)2
+1
2
(q4k−2 + q−(4k−2))2 t
4−t−4
q2+q−2 (q
2 − q−2)2
+(q2k−1 + q−2k+1)(q − q−1)(q2k−1 − q−2k+1)(q + q−1)(t2 − t−2)2
+1
4
(q4k−2 − q−(4k−2))(q2k−1 − q−(2k−1))2 (t2 − t−2)2 (q2 − q−2)
= I1 + I2
Next, we compute the following two terms
I1 =
1
4
(q2k−2 + q−2k+2)2 (q
4k−2+q−4k+2)(q2−q−2)
q4−q−4 (t
4 − t−4)(q2 − q−2)2
+1
2
(q4k−2 + q−(4k−2))2 t
4−t−4
q2+q−2 (q
2 − q−2)2
= 1
4
(t4 − t−4)(q2 − q−2)2 q4k−2+q−4k+2
q2+q−2
(
(q2k−2 + q−2k+2)2 + 2(q4k−2 + q−(4k−2))
)
= 1
4
(t4 − t−4)(q2 − q−2)2 q4k−2+q−4k+2
q2+q−2
(
q4k−4 + q−4k+4 + 2 + 2q4k−2 + 2q−(4k−2)
)
= 1
4
(t4−t−4)(q2−q−2)2 q4k−2+q−4k+2
q2+q−2
(
q4k−4 + q4k−2 + q−4k+4 + q−(4k−2) + 2 + q4k−2 + q−(4k−2)
)
= 1
4
(t4 − t−4)(q2 − q−2)2 q4k−2+q−4k+2
q2+q−2
(
(q4k−3 + q−4k+3)(q + q−1) + (q2k−1 + q−(2k−1))2
)
= 1
4
(t4 − t−4)(q + q−1)2(q2 − q−2)2 q4k−2+q−4k+2
q2+q−2
(
q4k−3+q−4k+3
q+q−1 +
(
q2k−1+q−(2k−1)
q+q−1
)2)
≡ 0 mod {2}2[2]2.
and
I2 = (q
2k−1 + q−2k+1)(q − q−1)(q2k−1 − q−2k+1)(q + q−1)(t2 − t−2)2
+1
4
(q4k−2 − q−(4k−2))(q2k−1 − q−(2k−1))2 (t2 − t−2)2 (q2 − q−2)
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= 1
4
(t2 − t−2)2 (q2 − q−2)(q2k−1 − q−2k+1)(4(q2k−1 + q−2k+1)
+(q4k−2 − q−(4k−2))(q2k−1 − q−(2k−1)))
= 1
4
(t2 − t−2)2 (q2 − q−2)(q2k−1 − q−2k+1)(q2k−1 + q−2k+1) (4 + (q2k−1 − q−(2k−1))2)
= 1
4
(t2 − t−2)2 (q2 − q−2)(q4k−2 − q−4k+2)(q2k−1 + q−(2k−1))2
= 1
4
(t2 − t−2)2 (q + q−1)2(q2 − q−2)2 q4k−2−q−4k+2
q2−q−2
(
q2k−1+q−(2k−1)
q+q−1
)2
≡ 0 mod {2}2[2]2
Therefore, we proved the formula (6.6). 
6.2. Consequence. As the application of the congruent skein relations (6.1) and (6.2),
we prove the following result.
We define the Adams operator Ψd : Q(q
±, t±) −→ Q(q±, t±) as follow:
Ψd(f(q, t)) = f(q
d, td).(6.11)
Corollary 6.5 (Assuming Conjecture 6.1 is right). Let L be a link with L components
Kα, α = 1, ..., L. Define w¯(L) =
∑L
α=1w(Kα). For any prime number p, we have
Zˇp(L) ≡ (−1)(p−1)w¯(L)Ψp(Zˇ(L)) mod {p}2.(6.12)
Proof. By the skein relation (3.3) for Zˇ, when the crossing is the linking between two
different components of the link L, we have
Ψp(Zˇ(L+))−Ψp(Zˇ(L−)) = Ψp([1]2Zˇ(L0)) = [p]2Ψp(Zˇ(L0)) ≡ 0 mod {p}2.(6.13)
Let Ψp(Zˇ)(L) = Ψp(Zˇ(L)), then
Ψp(Zˇ)(L+) ≡ Ψp(Zˇ)(L−) mod {p}2.(6.14)
Similarly, when the crossing is the self-crossing of some knot component, we have
Ψp(Zˇ)(L+)−Ψp(Zˇ)(L−) ≡ Ψp(Zˇ)(L0) mod {p}2.(6.15)
By using the above two relations to resolve the crossings, and combing the Reidemeister
moves of types II and III, any link L will eventually becomes a finite sum of U⊗k ⊗ T⊗l
for some k, l ∈ Z+, where U and T denotes the unknot and a unknot with a positive kink
respectively. Therefore, for any link L, we have
Ψp(Zˇ(L)) ≡
∑
k,l
ak,lΨp(Zˇ(U⊗k ⊗ T⊗l)) mod {p}2.(6.16)
As to the invariant Zˇp, by the Conjecture 6.1, when the crossing is the linking between
two different components of the link, we get
Zˇp(L+) ≡ Zˇp(L−) mod {p}2.(6.17)
When the crossing is the self-crossing of some knot component in the link, we can write
the relation in the following form
Zˇp(L+) ≡ (−1)(p−1)(w¯(L+)−w¯(L−))Zˇp(L−) + (−1)(p−1)(w¯(L+)−w¯(L0))Zˇp(L0) mod {p}2.
(6.18)
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By using the relations (6.17) (6.18) to resolve the crossings of the link L, combing the
Reidemeister moves of types II and III, similarly, we also have
Zˇp(L) ≡
∑
k,l
(−1)(p−1)(w¯(L)−l)ak,lZˇp(U⊗k ⊗ T⊗l)(6.19)
since w¯(U⊗k ⊗ T⊗l) = l.
By Theorem 5.9, we obtain
Zˇp(T ) = Zˇp(U ; τ = 1) ≡ tp(−1)p−1Zˇp(U) mod {p}2(6.20)
= (−1)p−1tpΨp(Zˇ(U)) mod {p}2
= (−1)p−1Ψp(Zˇ(T )) mod {p}2.
Combing the formulas (6.16) and (6.19), we get
Zˇp(L) ≡ (−1)(p−1)w¯(L)Ψp(Zˇ(L)) mod {p}2.(6.21)

Remark 6.6. In fact, Corollary 6.5 is equivalent to the framed LMOV conjecture in a
special case.
7. Congruent skein relations for colored Jones polynomials
7.1. Colored Jones polynomials. Let JN(K; q) be the normalized colored Jones invari-
ant of a knot K colored by the N + 1-dimensional irreducible representation of SU(2),
note that our notation JN (K; q) is the JN+1(K; q2) in the paper of [24]. In particu-
lar, JN (U ; q) = 1. Moreover, colored Jones polynomial is a special case of the colored
HOMFLY-PT invariant. We have:
JN(L; q) =
(
q−2lk(L)κ(N)t−2lk(L)NW(N)(N),...,(N)(L; q, t)
s(N)(q, t)
)
|t=q2(7.1)
=
q−2lk(L)N(N−1)q−4lk(L)NW(N)(N),...,(N)(L; q, q2)
s(N)(q, q2)
=
q−2lk(L)N(N+1)W(N)(N),...,(N)(L, q, q2)
s(N)(q, q2)
where W(N)(N),...,(N)(L, q, t) is the colored HOMFLY-PT invariant defined in Section 2.
7.2. Congruent skein relations. Because of the above relationship between colored
Jones and colored HOMFLY-PT invariants (7.1), we search for the congruent skein rela-
tion for colored Jones polynomial.
Fortunately, we have the following succinct result for a knot K.
Theorem 7.1. For any positive integer N, k and N ≥ k ≥ 0, we have
JN(K+; q)− JN(K−; q) ≡ Jk(K+; q)− Jk(K−; q) mod [N − k][N + k + 2].(7.2)
In fact, it is a consequence of the cyclotomic expansion for the colored Jones polynomial
due to K. Habiro [7]. We prove the following Theorem 7.3 which is equivalent to Theorem
7.1.
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For N ≥ 1, we define
CN,k =
k∏
j=1
(q2N + q−2N − q2j − q−2j).(7.3)
In particular, CN+1,0 = 1, CN+1,N+1 = 0, and
CN+1,1 = [N + 2][N ],
CN+1,2 = [N + 3][N + 2][N ][N − 1],
· · ·
CN+1,k = [N + k + 1][N + k] · · · [N + 2][N ][N − 1] · · · [N − k + 1]
· · ·
CN+1,N = [2N + 1][2N ] · · · [N + 2][N ][N − 1] · · · [1].
In our notation, Habiro’s cyclotomic expansion of colored Jones polynomial states:
Theorem 7.2 (K. Habiro [7]). For any knot K, there exist Hk ∈ Z[q, q−1], independent
of N (N ≥ 0). Such that
JN(K; q) =
N∑
k=0
CN+1,kHk = H0 + CN+1,1H1 + CN+1,2H2 + · · ·+ CN+1,NHN .(7.4)
In particular, J0(K; q) = H0 = 1.
In the above expansion of JN(K; q). For K = 41, we have H0 = H1 = · · · = HN = 1.
For the unknot U , we have H0 = 1, H1 = · · · = HN = 0.
Theorem 7.3. For any knot K, and N ≥ k ≥ 0, we have
JN(K; q)− Jk(K; q) ≡ 0 mod [N − k][N + k + 2].(7.5)
Proof. It is clear that when N = k the theorem holds. For N > k ≥ 0, by direct
calculation, we have
[N + 2][N ]− [k + 2][k] = [N − k][N + k + 2],(7.6)
[N + 3][N − 1]− [k + 3][k − 1] = [N − k][N + k + 2],
· · · ,
[N + k + 1][N − k + 1]− [2k + 1][1] = [N − k][N + k + 2].
By the formula (7.4), we have
JN(K; q) =
N∑
i=1
[N + 1 + i][N + i] · · · [N + 2][N ] · · · [N − i+ 2][N − i+ 1]Hi(7.7)
Jk(K; q) =
k∑
i=1
[k + 1 + i][k + i] · · · [k + 2][k] · · · [k − i+ 2][k − i+ 1]Hi.(7.8)
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JN(K; q)− Jk(K; q)
(7.9)
≡
k∑
i=1
([N + 1 + i][N + i] · · · [N + 2][N ] · · · [N − i+ 2][N − i+ 1]
−[k + 1 + i][k + i] · · · [k + 2][k] · · · [k − i+ 2][k − i+ 1])Hi mod [N − k][N + k + 2]
= [N + 2][N ]
(
1 +
k∑
i=2
[N + 1 + i][N + i] · · · [N + 3][N − 1] · · · [N − i+ 2][N − i+ 1]
)
Hi
− [k + 2][k]
(
1 +
k∑
i=2
[k + 1 + i][k + i] · · · [k + 3][k − 1] · · · [k − i+ 2][k − i+ 1]
)
Hi
mod [N − k][N + k + 2]
≡ [k + 2][k]
k∑
i=2
([N + 1 + i][N + i] · · · [N + 3][N − 1] · · · [N − i+ 2][N − i+ 1]
−[k + 1 + i][k + i] · · · [k + 3][k − 1][k − i+ 2][k − i+ 1])Hi mod [N − k][N + k + 2]
≡ · · ·
≡ [k + 2][k][k + 3][k − 1] · · · [2k][2][N − k][N + k + 2]Hk mod [N − k][N + k + 2]
≡ 0 mod [N − k][N + k + 2].

Remark 7.4. Essentially, this proof of Theorem 7.3 is a simple modification of the proof
for the case of figure-eight knot showed in version 2 of this paper (see the proof of Theorem
6.6 in arXiv:1402.3571v2).
An analogue result was also obtained in [3]. We would like to thank P. Samuelson for
pointing out this to us.
Remark 7.5. The above proof shows a close relationship between the congruent relation
(7.5) and the cyclotomic expansion (7.4) for colored Jones polynomials. By similar simple
calculations, one can also easily recover a certain weak form of the cyclotmic expansion for
colored Jones polynomial. We known this right after the submission of the second version
of this article. In Section 7.4, we also formulate the congruent relations for general SU(n)
quantum invariants (see Conjecture 7.11), so it is natural to conjecture there should exist
the corresponding cyclotomic expansion for SU(n) invariants, which is recently proposed
in [4] (See Conjecture 2.3 in [4]).
As a straightforward consequence of Theorem 7.3, we have
Corollary 7.6. For a knot K, we have
JN(K; q) ≡ 1 mod [N ][N + 2].(7.10)
Formula (7.10) shows for any knot K, i ∈ Z,
JN(K; e
pii
√−1
N ) = 1, JN(K; e
pii
√−1
N+2 ) = 1.
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If we take N = 1, i = 1, we have J1(K; epi
√−1
3 ) = 1 which is the famous result due to V.
Jones (see 12.4 in [11] and compare the notation J1(L) and the Jones polynomial VL(t)
in [11], see Appendix 8.2).
As to the case of links, after testing a lot of examples, we propose the following congruent
skein relation for colored Jones polynomial. For convenience, we define the following sets
for n ≥ 1.
An = {q|qn = ±1}, Bn = {q|qn = 1}, Cn = {q|qn = −1}.(7.11)
Conjecture 7.7. For any link L with L (L ≥ 2) components, we have
JN (L+; q)− JN(L−; q) ≡ 0 mod [N ],(7.12)
JN (L+; q)− JN(L−; q) ≡ 0 mod [N + 2].(7.13)
Moreover:
(i) If L is an odd integer and L ≥ 3, for N > k ≥ 1, the set of the roots of the equation
JN (L+; q)− JN (L−; q) = Jk(L+; q)− Jk(L−; q)(7.14)
contains the set (AN−k ∪AN+k+2)− (Ak+1 − A1).
(ii) If L is an even integer, for N > k ≥ 1, the set of the root of the equation (7.14)
contains the set (BN−k ∪ CN+k+2)− (Ak+1 −A1) and the set of the root of the equation
JN (L−; q)− JN (L+; q) = Jk(L+; q)− Jk(L−; q)(7.15)
contains (CN−k ∪BN+k+2)− (Ak+1 −A1).
7.3. Application. As an important application of Theorem 7.3, we obtain a vanishing
result of the Reshetikhin-Turaev invariant for certain 3 dimensional oriented closed man-
ifolds. Let’s fix notations first. We denote by Mp the 3-manifold obtained from S
3 by
doing a p-surgery (p ∈ Z) along a knot K ⊂ S3. Let q(s) = e spi
√−1
r , Jn(K; q(s)) be the
n + 1-dimensional colored Jones polynomial of K discussed above evaluated at the roots
of unity q = q(s). According to [30, 34], for odd r ≥ 3, the Reshetikhin-Turaev invariants
τr(Mp; q(s)) of Mp can be calculated by the following formula:
(7.16) τr(Mp; q(s)) = C(r)
r−2∑
n=0
(
sin
s(n+ 1)π
r
)2
e−
sp(n2+2n)pi
√−1
2r Jn(K; q(s)),
where C(r) denotes certain function depending only on r.
Inspired by the numerical phenomenon observed in [5], we prove the following
Theorem 7.8 (Vanishing of Reshetikhin-Turaev invariants). For odd r ≥ 3, if p = 4k+2
(k ∈ Z) and odd s, then we have the vanishing of Reshetikhin-Turaev invariants as follows
τr(Mp; q(s)) = 0.(7.17)
Proof. For convenience, we let
(7.18) Tn =
(
sin
s(n+ 1)π
r
)2
e−
sp(n2+2n)pi
√−1
2r Jn(K; q(s)).
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It is clear that
(7.19)
(
sin
s(n+ 1)π
r
)2
=
(
sin
(
sπ − s(n + 1)π
r
))2
=
(
sin
s((r − 2− n) + 1)π
r
)2
.
By formula (7.5) in Theorem 7.3, for 0 ≤ n ≤ r − 2, we have
(7.20) Jn(K; q) ≡ Jr−2−n(K; q) mod [r]
Thus
(7.21) Jn(K; q(s)) = Jr−2−n(K; q(s)).
Moreover, for p = 4k + 2, r and s odd, by a direct computation, we obtain
(7.22) e−
sp(n2+2n)pi
√−1
2r = −e− sp((r−2−n)
2+2(r−2−n))pi√−1
2r
Combing the formulas (7.19), (7.21), (7.22) together, hence for 0 ≤ n ≤ r − 2,
Tn + Tr−2−n = 0.(7.23)
By odd r ≥ 3, finally we have
(7.24) τr(Mp; q(s)) = C(r)
r−2∑
n=0
Tn = C(r)
r−3
2∑
n=0
(Tn + Tr−2−n) = 0.

Remark 7.9. This vanishing result indicate that the Witten-Reshetikhin-Turaev invari-
ants evaluated at usual roots of unity q(1) vanishes for certain 3-manifolds. We commu-
nicated with E. Witten after discovery of this result, he told us there should be a physical
interpretation for this phenomenon.
In Witten’s Chern-Simon quantum field theory [35], for an oriented closed three-
manifoldM , the invariants ZGk (M) was constructed as the path integral partition function
with level k and gauge group G. By applying the method of stationary phase to the path
integral ZGk (M) as k →∞, Witten conjectured that
ZGk (M) ∼ exp
(√−1πd(ηgrav
2
+
1
12
· I(g)
2π
))
·
∑
α
e
√−1(k+c2(G)/2)I(Aα) · T (Aα)(7.25)
(refer to formula (2.23) in [35] for details). In fact, for a suitable choice of the constant
C(r), the invariant τr(M, q(1)) is equal to Witten’s physical definition of Z
G
k (M) for level
k = r−2 and G = SU(2). According to the asymptotic expansion formula (7.25), Witten
[37] suggested us the vanishing of τr(Mp, q(s)) should be interpreted by the cancelations
of the contributions of the different flat connections Aα.
Remark 7.10. We refer to [5] for a detailed discussion of the volume conjecture for
τr(Mp; q(2)).
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7.4. Generalization: SU(n) quantum invariants. We introduce the SU(n) quantum
invariant for a link L as follow:
J
SU(n)
N (L; q) =
(
q−2lk(L)κ(N)t−2lk(L)NW(N)(N),...,(N)(L; q, t)
s(N)(q, t)
)
|t=qn(7.26)
=
q−2lk(L)N(N−1)q−2nlk(L)NW(N)(N),...,(N)(L; q, qn)
s(N)(q, qn)
=
q−2lk(L)(N(N−1)+nN)W(N)(N),...,(N)(L, q, qn)
s(N)(q, qn)
whereW(N)(N),...,(N)(L, q, t) is the colored HOMFLY-PT invariants defined in Section 2. In
particular, when n = 2, J
SU(2)
N (L; q) = JN(L; q) is the colored Jones polynomial discussed
previously.
We also propose the following congruent skein relations for the SU(n) quantum invari-
ant for n ≥ 3.
Conjecture 7.11. For a knot K, for any positive integer N, k and N ≥ k ≥ 0, we have
J
SU(n)
N (K+; q)− JSU(n)N (K−; q) ≡ JSU(n)k (K+; q)− JSU(n)k (K−; q) mod [N − k].(7.27)
J
SU(n)
N (K+; q)− JSU(n)N (K−; q)(7.28)
≡ JSU(n)k (K+; q)− JSU(n)k (K−; q) mod [N + k + n].
J
SU(n)
N (K+; q)− JSU(n)N (K−; q) ≡ JSU(n)k (K+; q)− JSU(n)k (K−; q) mod [n− 1].(7.29)
However, for n ≥ 3, the parallel results for link is very complicated. We still don’t
know how to formulate it cleanly.
Theorem 7.12. The Conjecture 7.11 holds for figure-eight knot 41.
Proof. By formula (4) in [10], we have
J
SU(n)
N (41) = 1 +
N∑
s=1
[N ]!
[s]![N − s]!
s−1∏
i=0
[N + i+ n][i+ n− 1].(7.30)
Since J
SU(n)
N (U) = J
SU(n)
k (U) = 1, we only need to compute J
SU(n)
N (41)− JSU(n)k (41). We
have
J
SU(n)
N (41)− JSU(n)k (41)
=
(
k∑
s=1
[N ]!
[s]![N−s]!
s−1∏
i=0
[N + i+ n][i+ n− 1]−
k∑
s=1
[k]!
[s]![k−s]!
s−1∏
i=0
[k + i+ n][i+ n− 1]
)
+
(
N∑
s=k+1
[N ]!
[s]![N−s]!
s−1∏
i=0
[N + i+ n][i+ n− 1]
)
= I1 + I2.
(i) I2 ≡ 0 mod [N + k + n][n− 1], and I2 ≡ 0 mod [N − k]. Since
I2 =
(
N∑
s=k+1
[N ]!
[s]![N−s]!
s−1∏
i=0
[N + i+ n][i+ n− 1]
)
30 QINGTAO CHEN, KEFENG LIU, PAN PENG AND SHENGMAO ZHU
=
k∏
i=0
[N + i+ n][i+ n− 1]
(
N∑
s=k+1
[N ]!
[s]![N−s]!
(
s−1∏
i=k+1
[N + i+ n][i+ n− 1]
))
[N ]!
[s]![N−s]! is a quantum number and always a polynomial of q
±1. And it is clear that
k∏
i=0
[N + i+ n][i+ n− 1] ≡ 0 mod [N + k + n][n− 1].
Next, we show I2 ≡ 0 mod [N − k]. By the expression of I2, for the terms contributed
by s ≥ N − k,
s−1∏
i=0
[N + i + n] contains more than N − k consecutive quantum integers,
which have at least one [p] , such that (N − k)|p. Thus
s−1∏
i=0
[N + i+ n] ≡ 0 mod [N − k].
For the terms of s ≤ N − k− 1, we always have s ≥ k+1, So N − s+1 ≤ N − k. Thus
we have
[N ]!
[s]![N−s]!
s−1∏
i=0
[N + i+ n][i+ n− 1]
= [N ] · · · [N − s+ 1] [N+s+n−1]!
[s]![N+n−1]!
s−1∏
i=0
[i+ n− 1]
Where [N+s+n−1]!
[s]![N+n−1]! is a quantum combinatorial number, it is a polynomial of q
±1, and
[N ] · · · [N − s+ 1] contain [N − k] due to the condition N − s+ 1 ≤ N − k.
(ii) I1 ≡ 0 mod [N − k][N + k + n], and I1 ≡ 0 mod [n− 1].
I1 =
(
k∑
s=1
[N ]!
[s]![N−s]!
s−1∏
i=0
[N + i+ n][i+ n− 1]−
k∑
s=1
[k]!
[s]![k−s]!
s−1∏
i=0
[k + i+ n][i+ n− 1]
)
=
k∑
s=1
s−1∏
i=0
[i+ n− 1]
(
[N ]···[N−s+1]
[s]!
s−1∏
i=0
[N + i+ n]− [k]···[k−s+1]
[s]!
s−1∏
i=0
[k + i+ n]
)
=
k∑
s=1
[n+s−2]!
[s]![n−2]!([N+s+n−1]···[N+n][N ]···[N−s+1]−[k+s+n−1]···[k+n][k]···[k−s+1])
Note that
[N + n][N ] − [k + n][k] = [N − k][N + k + n]
...
[N + n + s− 1][N − s+ 1]− [k + n+ s− 1][k − s+ 1] = [N − k][N + k + n].
And [n+s−2]!
[s]![n−2]! is a polynomial of q
±1. We can show that I1 ≡ 0 mod [N − k][N + k+n].
Next, we show that I1 ≡ 0 mod [n− 1]. Since
I1 =
k∑
s=1
[n + s− 2]!
(
[N ]!
[s]![N−s]!
s−1∏
i=0
[N + i+ n]− [k]!
[s]![k−s]!
s−1∏
i=0
[k + i+ n]
)
[n+s−2]! contains the term [n−1] for s = 1, ..k. And [N ]!
[s]![N−s]! and
[k]!
[S]![k−s]! are quantum
combinatorial numbers thus they are polynomials of q±1. So we have I1 ≡ 0 mod [n− 1].
Combing (i) and (ii), we finish the proof. 
Now we provide a result as the consequence of the above congruent skein relations for
SU(n) invariants.
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Corollary 7.13 (Assuming Conjecture 7.10 is right). When n ≥ 3, for N ≥ k ≥ 0, for a
knot K,
J
SU(n)
N (K; q)− JSU(n)k (K; q) ≡ 0 mod [N − k](7.31)
J
SU(n)
N (K; q)− JSU(n)k (K; q) ≡ 0 mod [N + k + n](7.32)
J
SU(n)
N (K; q)− JSU(n)k (K; q) ≡ 0 mod [n− 1](7.33)
Finally these congruent skein relations for SU(n)) quantum invariants leads to Volume
Conjectures for SU(n) quantum invariants recently studied in [4].
8. Appendix: examples for congruent skein relations
8.1. Examples for congruent skein relations: colored HOMFLY-PT case. In
this subsection, we provide more examples to support the Conjecture 6.1.
(i).The case of p = 2:
Example 8.1. For the triple L+ = 41,L− = U with two negative kinks, L0 = T (2,−2)
with a positive kink. The congruent skein relation (6.1) holds, i.e.
Zˇ(2)(L+)− Zˇ(2)(L−) + Zˇ(2)(2)(L0) ≡ 0 mod {2}2(8.1)
By the formulas (4) and (8) in [10], we have
W(p)(L+; t, q) =
(
1 +
p∑
k=1
{p}!
{k}!{p−k}!
k−1∏
i=0
(tqp+i − t−1q−p−i)(tqi−1 − t−1q−i+1)
)
p∏
i=1
tqi−1−t−1q−i+1
[i]
and
W(1p)(L+; t, q) =
(
1 +
p∑
k=1
{p}!
{k}!{p−k}!
k−1∏
j=0
(tq−p−j − t−1qp+j)(tq−j+1 − t−1qj−1)
)
p∏
i=1
tq1−j−t−1qj−1
[j]
Thus
W(2)(L+; t, q)
= (1 + (q + q−1)(tq2 − t−1q−2)(tq−1 − t−1q)
+(tq3 − t−1q−3)(tq2 − t−1q−2)(t− t−1)(tq−1 − t−1q)) (t−t−1)(tq−t−1q−1)
(q−q−1)((q2−q−2))
and
W(1,1)(L+; t, q)
= (1 + (q + q−1)(tq−2 − t−1q2)(tq1 − t−1q−1)
+(tq−3 − t−1q3)(tq−2 − t−1q2)(t− t−1)(tq1 − t−1q−1)) (t−t−1)(tq−1−t−1q)
(q−q−1)((q2−q−2))
So we have
Zˇ(2)(L+) = (W(2)(L+; t, q)−W(1,1)(L+; t, q))(q2 − q−2)
= (−5t−6 + 16t−4− 18t−2+ 18t2− 16t4 +5t6) + (−5t−6 +24t−4− 29t−2 +29t2− 24t4 +
5t6)z2 + (−t−6 + 9t−4 − 14t−2 + 14t2 − 9t4 + t6)z4 − (t− t−1)3(t+ t−1)z6
Zˇ(2)(L−) = (q−4t−4s(2) − q4t−4s(1,1))(q2 − q−2)
= (−5t−6 + 8t−4 − 3t−2)− (5t−6 − 6t−4 + t−2)z2 + (−t−6 + t−4)z4
In order to compute Zˇ(2)(2)(L0), we use the formula (5.21) in [22].
W(2)(2)(T (2,−2)) = q−8s(4) + s(3,1) + q4s(2,2)
W(2)(1,1)(T (2,−2)) = q−4s(3,1) + q4s(2,1,1)
W(1,1)(1,1)(T (2,−2)) = q−4s(2,2) + s(2,1,1) + q8s(1,1,1,1)
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Zˇ(2)(2)(L0) = (q2t2W(2)(2)(T (2,−2))−q2t2W(2)(1,1)(T (2,−2))−q−2t2W(1,1)(2)(T (2,−2))+
q−2t2W(1,1)(1,1)(T (2,−2)))(q2 − q−2)2
= (−1 + t2)2(−t−2 +2+ 3t2) + (8t−2 +1− 9t2− t4+ t6)z2 +6(t−2− t2)z4 + (t−2− t2)z6
Now we have
(Zˇ(2)(L+)− Zˇ(2)(L−) + Zˇ(2)(2)(L0))/(q + q−1)2
= (−1 + t2)2(2t−4 − 1 + 2t2) + (−1 + t2)(−4t−4 − 4t2 + t4)z2 − (−1 + t2)(t−4 + t2)z4
(ii).The case of p = 3:
Example 8.2. For the triple L+ = 41,L− = U with two negative kinks, L0 = T (2,−2)
with a positive kink. The congruent skein relation (6.1) holds, i.e.
Zˇ(3)(L+)− Zˇ(3)(L−) + Zˇ(3)(3)(L0) ≡ 0 mod {3}2.(8.2)
Since
W(3)(L+; t, q) = (1 + (q2 + 1 + q−2)(tq3 − t−1q−3)(tq−1 − t−1q)
+(q2 + 1 + q−2)(tq4 − t−1q−4)(tq3 − t−1q−3)(t− t−1)(tq−1 − t−1q)
+(tq5 − t−1q−5)(tq4 − t−1q−4)(tq3 − t−1q−3)(tq − t−1q−1)(t− t−1)(tq−1 − t−1q))
(t−t−1)(tq−t−1q−1)(tq2−t−1q−2)
(q−q−1)(q2−q−2)(q3−q−3)
and
W(1,1,1)(L+; t, q) = (1 + (q2 + 1 + q−2)(tq−3 − t−1q3)(tq − t−1q−1)
+(q2 + 1 + q−2)(tq−4 − t−1q4)(tq−3 − t−1q3)(t− t−1)(tq − t−1q−1)
+(tq−5 − t−1q5)(tq−4 − t−1q4)(tq−3 − t−1q3)(tq−1 − t−1q)(t− t−1)(tq − t−1q−1))
(t−t−1)(tq−1−t−1q)(tq−2−t−1q2)
(q−q−1)(q2−q−2)(q3−q−3)
By formula (18) in [2], we have
W(2,1)(L+; t, q) = (t6 + t−6)− (q6 + q2 − 1 + q−2 + q−6)(t4 + t−4)
+(q10 − q8 + 3q6 − 3q4 + 5q2 − 4 + 5q−2 − 3q−4 + 3q−6 − q−8 + q−10)(t2 + t−2)
−(2q10 − 2q8 + 5q6 − 6q4 + 8q2 − 7 + 8q−2 − 6q−4 + 5q−6 − 2q−8 + 2q−10)
Zˇ3(L+) = (W(3)(L+; t, q)−W(2,1)(L+; t, q) +W(1,1,1)(L+; t, q))(q3 − q−3)
= −28t−9 + 126t−7 − 225t−5 + 173t−3 − 27t−1 + 27t− 173t3 + 225t5 − 126t7 + 28t9
+3(−42t−9 + 199t−7 − 356t−5 + 281t−3 + 69t−1 + 69t− 281t3 + 356t5 − 199t7 + 42t9)z2
+(−210t−9+1049t−7− 1888t−5+1468t−3− 399t−1+399t− 1468t3+1888t5− 1049t7+
210t9)z4
+3(−55t−9+305t−7−555t−5+415t−3−109t−1+109t−415t3+555t5−305t7+55t9)z6
+22(t− t−1)3(3t−6− 11t−4− 5t−2− 5− 5t2− 11t4 +3t6)z8 + (t− t−1)3(13t−6− 80t−4−
54t−2 − 54− 54t2 − 80t4 + 13t6)z10
+(t−t−1)3(t−6−14t−4−12t−2−12−12t2−14t4+t6)z12−(t−t−1)3(t−4+t−2+1+t2+t4)z14
and
Zˇ3(L−) = (q−12t−6s(3) − t−6s(2,1) + q12t−6s(1,1,1))(q3 − q−3)
= −28t−9 + 63t−7 − 45t−5 + 10t−3 + 3(−42t−9 + 77t−7 − 40t−5 + 5t−3)z2 + 7(−30t−9 +
46t−7 − 17t−5 + t−3)z4 + (−165t−9 + 219t−7 − 55t−5 + t−3)z6
−6(11t−9 − 13t−7 + 2t−5)z8 − (13t−9 − 14t−7 + t−5)z10 + (−t−9 + t−7)z12
In order to compute Zˇ(3)(3)(L0), we use the formula (5.21) in [22].
W(3)(3)(T (2,−2)) = q−18s(6) + q−6s(5,1) + q2s(4,2) + q6s(3,3)
W(3)(2,1)(T (2,−2)) = q−12s(5,1) + q−4s(4,2) + s(4,1,1) + q6s(3,2,1)
CONGRUENT SKEIN RELATIONS 33
W(3)(1,1,1)(T (2,−2)) = q−6s(4,1,1) + q6s(3,1,1,1)
W(2,1)(2,1)(T (2,−2)) = q−10s(4,2)+ q−6s(4,1,1)+ q−6s(3,3)+2s(3,2,1)+ q6s(3,1,1,1)+ q6s(2,2,2)+
q10s(2,2,1,1)
W(2,1)(1,1,1)(T (2,−2)) = q−6s(3,2,1) + s(3,1,1) + q4s(2,2,1,1) + q12s(2,1,1,1,1)
W(1,1,1)(1,1,1)(T (2,−2)) = q−6s(2,2,2) + q−2s(2,2,1,1) + q6s(2,1,1,1,1) + q18s(1,1,1,1,1,1)
Zˇ(3)(3)(L0) = (q6t3W(3)(3)(T (2,−2))− q6t3W(3)(2,1)(T (2,−2)) + q6t3W(3)(1,1,1)(T (2,−2))
−t3W(2,1)(3)(T (2,−2)) + t3W(2,1)(2,1)(T (2,−2))− t3W(2,1)(1,1,1)(T (2,−2))
+q−6t3W(1,1,1)(3)(T (2,−2))−q−6t3W(1,1,1)(2,1)(T (2,−2))+q−6t3W(1,1,1)(1,1,1)(T (2,−2)))(q3−
q−3)2
= (−1+ t2)2(t−3− 7t−1+3t+2t3+10t5)+ 3(9t−3− 2t−1+7t− 14t3+2t5− 7t7+5t9)z2
+(99t−3 − t−1 + 8t− 106t3 + t5 − 8t7 + 7t9)z4 + (111t−3 + t− 112t3 − t7 + t9)z6
−54(−t−3 + t3)z8 − 12(−t−3 + t3)z10 + (t−3 − t3)z12
Now we have
(Zˇ(3)(L+)− Zˇ(3)(L−)− Zˇ(3)(3)(L0))/(q2 + 1 + q−2)2
= (−1+ t2)2(7t−7−6t−5− t−3+2t−1+6t−8t3+2t5)+(36t−7−92t−5+77t−3−21t−1+
20t− 77t3 + 102t5 − 56t7 + 11t9)z2
+(56t−7−133t−5+98t−3−30t−1+30t−98t3+139t5−77t7+15t9)z4+(36t−7−80t−5+
52t−3 − 14t−1 + 14t− 52t3 + 81t5 − 44t7 + 7t9)z6
+(10t−7− 21t−5+12t−3− 2t−1+2t− 12t3+21t5− 11t7+ t9)z8− (−1+ t2)3(t−7+ t−5+
t−3 + t−1 + t)z10
Example 8.3. For the triple L+ = T (2, 3),L− = T (2, 1),L0 = T (2, 2), the congruent
skein relation (6.1) holds, i.e.
Zˇ(3)(L+)− Zˇ(3)(L−)− Zˇ(3)(3)(L0) ≡ 0 mod {3}2(8.3)
And for the triple L+ = T (2, 4), L− = T (2, 2), L0 = T (2, 3), the congruent skein relation
(6.2) holds, i.e.
Zˇ(3)(3)(L+)− Zˇ(3)(3)(L−)− 3[3]2Zˇ(3)(L0) ≡ 0 mod {3}2[3]2.(8.4)
By the formulas in [22], we have
W(3)(3)(T (2, 2k)) = q
18ks(6) + q
6ks(5,1) + q
−2ks(4,2) + q
−6ks(3,3)(8.5)
W(3)(2,1)(T (2, 2k)) = q
12ks(5,1) + q
4ks(4,2) + s(4,1,1) + q
−6ks(3,2,1)
W(3)(1,1,1)(T (2, 2k)) = q
6ks(4,1,1) + q
−6ks(3,1,1,1)
W(2,1)(2,1)(T (2, 2k)) = q
10ks(4,2) + q
6ks(4,1,1) + q
6ks(3,3)
+ 2s(3,2,1) + q
−6ks(3,1,1,1) + q
−6ks(2,2,2) + q
−10ks(2,2,1,1)
W(2,1)(1,1,1)(T (2, 2k)) = q
6ks(3,2,1) + s(3,1,1,1) + q
−4ks(2,2,1,1) + q−12ks(2,1,1,1,1)
W(1,1,1)(1,1,1)(T (2, 2k)) = q
6ks(2,2,2) + q
2ks(2,2,1,1) + q
−6ks(2,1,1,1,1) + q
−18ks(1,1,1,1,1,1)
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When k is an odd number,
W(3)(T (2, k)) = t
−3k(q3ks(6) − q−3ks(5,1) + q−7ks(4,2) − q−9ks(3,3))(8.6)
W(2,1)(T (2, k)) = t
−3k(q5ks(4,2) − q3ks(4,1,1)
− q3ks(3,3) + q−3ks(2,2,2) + q−3ks(3,1,1,1) − q−5ks(2,2,1,1))
W(1,1,1)(T (2, k)) = t
−3k(q9ks(2,2,2) − q7ks(2,2,1,1) + q3ks(2,1,1,1,1) − q−3ks(1,1,1,1,1,1))
So we have
Zˇ(3)(3)(T (2, 2k))(8.7)
= [3]2Zˇ(3)(3)(T (2, 2k))
= [3]2
(
W(3)(3)(T (2, 2k))− 2W(3)(2,1)(T (2, 2k)) + 2W(3)(1,1,1)(T (2, 2k))
+W(2,1)(2,1)(T (2, 2k))− 2W(2,1)(1,1,1)(T (2, 2k)) +W(1,1,1)(1,1,1)(T (2, 2k))
)
and when k is odd,
Zˇ(3)(T (2, k))(8.8)
= [3]Z(3)(T (2, k))
= [3]
(
q6kt3kW(3)(T (2, k))− t3kW(2,1)(T (2, k)) + q−6kt3kW(1,1,1)(T (2, k))
)
Zˇ(3)(3)(T (2, 2)) = (t−6−2+ t6)+27(−1+9t2−18t4+10t6)z2+9(−11+117t2−261t4+
155t6)z4 + 3(−37 + 540t2 − 1431t4 + 928t6)z6
+9(−6 + 139t2 − 458t4 + 325t6)z8 + 3(−4 + 181t2 − 779t4 + 602t6)z10 + (−1 + 135t2 −
813t4 + 679t6)z12 + 9(2t2 − 19t4 + 17t6)z14
+(t2 − 20t4 + 19t6)z16 + (−t4 + t6)z18
Zˇ(3)(3)(T (2, 4)) = (t−6−2+t6)+27(t−6−12t−4+78t−2−268+480t2−420t4+141t6)z2+
9(2t−6 − 129t−4 + 1671t−2 − 8345 + 18795t2 − 19131t4 + 7137t6)z4
+3(t−6−558t−4+14949t−2−108364+306819t2−364140t4+151293t6)z6+3(−421t−4+
25007t−2 − 268408 + 963568t2 − 1337015t4 + 617269t6)z8
+(−544t−4+79139t−2−1297345+5974324t2−9709091t4+4953517t6)z10+(−135t−4+
55768t−2 − 1452875 + 8700114t2 − 16576174t4 + 9273302t6)z12
+(−18t−4 + 26975t−2− 1173878+ 9288219t2− 20767112t4 + 12625814t6)z14 + (−t−4 +
9006t−2 − 698302 + 7444837t2 − 19569105t4 + 12813565t6)z16
+(2043t−2 − 308361 + 4541474t2 − 14084721t4 + 9849565t6)z18 + (301t−2 − 100854 +
2120824t2 − 7809921t4 + 5789650t6)z20
+(26t−2 − 24101 + 757380t2 − 3345677t4 + 2612372t6)z22 + (t−2 − 4088 + 205083t2 −
1103940t4 + 902944t6)z24 + (−466 + 41357t2 − 277822t4 + 236931t6)z26
+(−32+ 6015t2− 52329t4+46346t6)z28 +(−1+596t2− 7139t4+6544t6)z30+18(2t2−
37t4 − 35t6)z32 + (t2 − 38t4 + 37t6)z34 + (−t4 + t6)z36
Zˇ(3)(T (2, 1)) = (−1+9t2−18t4+10t6)+3(2t2−7t4+5t6)z2+(t2−8t4+7t6)z4+(−t4+t6)z6
Zˇ(3)(T (2, 3)) = (t−6 + 54t−2 − 327 + 675t2 − 594t4 + 191t6) + 9(25t−2 − 211 + 560t2 −
599t4 + 225t6)z2 + (321t−2 − 4506 + 16365t2 − 21783t4 + 9603t6)z4
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+(219t−2−5929+30723t2−51270t4+26257t6)z6+(78t−2−4809+36918t2−77298t4+
45111t6)z8 + (14t−2 − 2499 + 29722t2 − 78184t4 + 50947t6)z10
+(t−2−833+16352t2−54416t4+38896t6)z12+(−172+6158t2−26353t4+20367t6)z14+
4(−5 + 390t2 − 2214t4 + 1829t6)z16 + (−1 + 254t2 − 2024t4 + 1771t6)z18
+12(2t2 − 25t4 + 23t6)z20 + (t2 − 26t4 + 25t6)z22 + (−t4 + t6)z24
So we have
(Zˇ(3)(3)(T (2, 4))− Zˇ(3)(3)(T (2, 2))− 3[3]2Zˇ(3)(T (2, 3)))/((q−2 + 1 + q2)2(q3 − q−3)2)
= −4(−1 + t2)3(−t−4 − t−2 + 5) + (−9t−4 + 88t−2 − 247 + 336t2 − 253t4 + 85t6)z2 +
(−6t−4 + 272t−2 − 1760 + 4341t2 − 4658t4 + 1811t6)z4
+(−t−4 + 351t−2 − 4384 + 15606t2− 20968t4 + 9396t6)z6 + (228t−2 − 5874 + 30260t2−
50771t4 + 26157t6)z8 + (79t−2 − 4797 + 36760t2 − 77130t4 + 45088t6)z10
+(14t−2 − 2498 + 29694t2 − 78155t4 + 50945t6)z12 + (t−2 − 833 + 16350t2 − 54414t4 +
38896t6)z14 + (−172 + 6158t2 − 26353t4 + 20367t6)z16
+4(−5 + 390t2 − 2214t4 + 1829t6)z18 + (−1 + 254t2 − 2024t4 + 1771t6)z20 + 12(2t2 −
25t4 + 23t6)z22 + (t2 − 26t4 + 25t6)z24 + (−t4 + t6)z26
(Zˇ(3)(T (2, 3))− Zˇ(3)(T (2, 1))− Zˇ(3)(3)(T (2, 2)))/(q−2 + 1 + q2)2
= 2(−1 + t2)2(3t−2 − 12 + 10t2) + (21t−2 − 184 + 483t2 − 500t4 + 180t6)z2 + 3(7t−2 −
121 + 457t2 − 606t4 + 263t6)z4
+(8t−2−384+2266t2−3952t4+2062t6)z6+(t−2−232+2300t2−5294t4+3225t6)z8+
(−79 + 1457t2 − 4459t4 + 3081t6)z10
+(−14+ 575t2− 2395t4+1834t6)z12 + (−1+ 137t2− 817t4+681t6)z14 +9(2t2− 19t4+
17t6)z16 + (t2 − 20t4 + 19t6)z18 + (−t4 + t6)z20
(iii).The case of p = 5:
Example 8.4. For the triple L+ = T (2, 3),L− = T (2, 1),L0 = T (2, 2)), the congruent
skein relation (6.1) holds, i.e.
Zˇ(5)(L+)− Zˇ(5)(L−)− Zˇ(5)(5)(L0) ≡ 0 mod {5}2(8.9)
And for the triple L+ = T (2, 4), L− = T (2, 2), L0 = T (2, 3)), the congruent skein relation
(6.2) holds, i.e.
Zˇ(5)(5)(L+)− Zˇ(5)(5)(L−)− 5[5]2Zˇ(5)(L0) ≡ 0 mod {5}2[5]2.(8.10)
By direct computation, we have
(Zˇ(5)(L+)− Zˇ(5)(L−)− Zˇ(5)(5)(L0))/{5}2
= (t10 − t8)z62 + (−62t8 + t6 + 61t10)z60 + (−1830t8 + 60t6
+1770t10)z58 + (−34221t8 − t4 + 1712t6 + 32510t10)z56
+(30913t6 − 455183t8 − 56t4 + 424326t10)z54 + (396551t6 − 4583657t8 + 4188592t10
−1486t4)z52 + (−36314540t8 + t2 + 3846105t6 − 24858t4 + 32493292t10)z50
+(29307304t6 − 232234977t8 + 50t2 + 203221825t10 − 294202t4)z48
+(−1220456862t8 + 1043084352t10 + 179992345t6 + 1177t2 − 2621012t4)z46
+(−18258280t4 + 17344t2 − 5338525175t8 + 4449834979t10 + 906931132t6)z44
+(179446t2 − 101988025t4 + 3796969350t6 − 1− 19616783719t8 + 15921622949t10)z42
+(−464813836t4−60952908330t8+1385934t2+48087760043t10+13328576231t6−42)z40
+(8294057t2−160871020961t8+39481848313t6−1749662171t4−821+123130541583t10)z38
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+(−9920− 5486542181t4 + 39406654t2 − 361664206114t8 + 99119134508t6
+267992217053t10)z36 + (−82992− 693563430647t8+ 211448626976t6− 14416300201t4
+496380080487t10 + 151106377t2)z34
+(t−2 − 510379− 31858745363t4 + 472885821t2 − 1134700927052t8 + 782334801490t10
+383752495482t6)z32+(−2390861+1216767809t2−1582161062596t8+592446517617t6
−59328308157t4+1047828476156t10+32t−2)z30+(−8725139+466t−2+777025368019t6
+2585912994t2 − 93137737629t4 − 1876186568938t8 + 1189721750227t10)z28
+(863677705772t6 + 4090t−2 + 4549391424t2 − 123137136448t4 + 1141059876065t10
−25163102− 1886124677801t8)z26 + (24156t−2 + 810683722366t6 + 920097890390t10
−57855487 + 6627591636t2 − 136789460108t4 − 1600561912953t8)z24
+(−106550629− 1140323321609t8 + 7983416794t2 + 101531t−2 + 639566830289t6
−127220587250t4 + 620100110874t10)z22 + (313285t−2 + 7926724033t2
−98575445285t4 − 157408461− 677573785149t8 + 421576033097t6
+346803568481t10 − t−4)z20 + (−20t−4 − 333118990163t8 − 186279992 + 721828t−2
+159585987400t10 + 230493488079t6 + 6456132403t2 − 63231059535t4)z18
+(1251513t−2−134226255042t8−171t−4+103609527724t6+4284647006t2+59816740388t10
−33310034477t4−175876941)z16+(−817t−4+2296371105t2−43828867120t8−131567914
+37883044699t6 + 1633939t−2 + 18047422989t10 − 14268036881t4)z14
+(−77176209−2394t−4+1597437t−2−11440433077t8+4321694117t10+982216846t2−
4906902541t4 + 11119005821t6)z12 + (−4447t−4 + 1155428t−2 + 329954404t2
−2347169045t8 + 2576350203t6 + 807456598t10 − 1332775807t4 − 34967334)z10
+(−370283365t8 + 85109386t2 + 605693t−2 + 460892423t6 − 5236t−4 + 115191088t10
−279542057t4−11967932)z8+(−43547558t8−3805t−4+61644973t6−2988835−43799029t4
+222385t−2+12179913t10+16291956t2)z6+(−513373+2185652t2+53830t−2−1610t−4
−3630186t8 + 5846785t6 − 4851154t4 + 910056t10)z4 + (43554t10 + 353738t6
+7603t−2 − 193648t8 + 183615t2 − 340542t4 − 350t−4 − 53970)z2
−2568 + 1008t10 − 4984t8 + 7212t2 + 456t−2 − 11372t4 − 28t−4 + 10276t6
(Zˇ(5)(5)(L+)− Zˇ(5)(5)(L−)− 5[5]2Zˇ(5)( L0))/{5}2[5]2
= (t10 − t8)z82 + (−82t8 + t6 + 81t10)z80 + (3160t10 − 3240t8 + 80t6)z78
+(−t4+3082t6+79080t10−82161t8)z76+(1426501t10−76t4+76153t6−1502578t8)z74
+(1356126t6−2776t4−21113942t8+19760592t10)z72+(−237161450t8+t2+18542440t6
+218683907t10 − 64898t4)z70 + (1985923180t10 + 70t2 − 1091057t4 + 202512874t6
−2187345067t8)z68 + (1814661385t6 − 16886185957t8 + 15085573342t10 − 14051117t4
+2347t2)z66 + (13599386777t6 + 97226919549t10 − 144188490t4 + 50184t2
−110682168020t8)z64 + (−622676497218t8 + 537430795055t10 + 86455767593t6
−1210834120t4 + 768691t2 − 1)z62 + (2569099618597t10 + 471307265746t6
−3031935169121t8 + 8982689t2 − 8480697849t4 − 62)z60
+(2221567690004t6− 12861059368999t8 − 50242521904t4 + 83275982t2
+10689650926748t10− 1831)z58 + (38908239513646t10 − 254456165241t4
+9112987721002t6− 34280− 47767399877659t8 + 628842532t2)z56
+(124359742487515t10− 1110667163394t4 + 32694749054839t6 + 3940874329t2
−456837− 155947764796452t8)z54 + (t−2 − 448846906443525t8
+350045225793401t10−4204321670316t4+20778839744t2−4612974+102985228093669t6)z52
+(−1141340907549735t8 + 52t−2 − 13868280033793t4
−36683365 + 869490786542508t10 + 93126534843t2 + 285625311189490t6)z50
CONGRUENT SKEIN RELATIONS 37
+(1908459230693359t10 + 698928943095350t6 − 40005767279492t4
+1276t−2 − 2567739689812845t8 + 357519042070t2 − 235739718)z48
+(19650t−2 + 1510998739371643t6 + 1182542982609t2 − 5115084726042823t8
+3704092114385920t10− 1246594151− 101187424122848t4)z46 + (3384462643746t2
−9024434328508976t8 + 6357881069123869t10 + 213052t−2
−5495445720− 224801369487153t4 + 2887975661461182t6)z44
+(−14096763011962560t8 + 9646912565800746t10 + 1729599t−2 − 439119404565332t4
+4880583140029513t6 + 8407097673177t2 − 20388705143)z42 + (10915896t−2
−754448751935330t4 − 19480327820832142t8− t−4 + 7289731963256196t6
+18162027255364t2 + 12926946674631778t10− 64103291761)z40
+(54894613t−2 + 15275625404331864t10 − 171632992553− 23783688726880982t8
+9613858286792171t6 + 34161033291281t2− 1139784419436354t4− 40t−4)z38
+(223688339t−2 − 392625011018− 25608291586538062t8
+15886872578360023t10 + 55960383734579t2 − 1512817268746841t4
+11178668294513722t6− 742t−4)z36 + (14505316523918117t10
−24260056935512494t8 + 79803271893636t2 + 747168231t−2 − 1761541692181458t4
+11437246955606018t6− 8474t−4 − 768870883576)z34
+(−1289903037088− 66708t−4 − 1795798297911490t4 + 98956196993576t2
−20163825193767997t8 + 2061835399t−2 + 10270447464186457t6
+11591507671767851t10)z32 − 4t−8 − 338t−2 − 248t−4 + 50t−6
+(−14653300350220663t8+4724087849t−2−1598553314097344t4+106493619799403t2
−1853324401264 + 8069365927428887t6 + 8077842717787167t10− 384035t−4)z30
+(−9272903852978765t8 + 99199240091106t2 + 5526366241264904t6
+4887993809842259t10− 1238386986749105t4− 1674093t−4 + 9011207874t−2
−2277461004180)z28 + (2555420308750096t10− 5085518427559615t8
−2387905601554 + 14320762881t−2 + 79704394509673t2 + t−6 − 831514849124637t4
+3284282163908380t6− 5645225t−4)z26 + (−2403483663828373t8
+1684668285425727t6− 481508442012951t4 + 18940833848t−2 − 2128764276570
+26t−6 + 54994202479399t2− 14916360t−4 + 1147439456295254t10)z24
+(−972341151323439t8 + 32403140723866t2 + 741082403066769t6 + 20789337733t−2
−1605873010889 + 301t−6 + 439450809413130t10 − 31095489t−4
−239010087111982t4)z22 + (18846500531t−2 + 16189839685740t2 + 2045t−6
−334008849911749t8 − 1018681066011 + 277395293088506t6
−100937619441431t4 + 142361222393147t10− 51250778t−4)z20
+(6798448711868t2− 96460923028023t8 + 9046t−6 − 538941876216 + 14014330369t−2
−35928833431175t4 + 38616849666404t10− 66648731t−4 + 87499452266458t6)z18
+(8661088035698t10 + 8466635495t−2 − 67975558t−4
+22974430047854t6− 23129834927889t8 + 27322t−6 − 235251910397
−10650650846251t4 + 2371820913726t2)z16 + (−4530476922105t8
+1580045154036t10 + 4101545044t−2 + 4940929911063t6 + 57477t−6
−2588074367339t4 − 83509124317 + 677037559787t2 − 53813646t−4)z14
+(229300003148t10 + 1564454718t−2 − 708903025177t8 + 84388t−6
−504411305064t4 − 23630889732 + 851286729468t6 + 154826506602t2
−32558351t−4)z12 + (−85770150480t8 + 25625376664t10 + 457705385t−2
+85408t−6 − t−8 − 5179098177 + 113753161407t6 + 27508443561t2
−76380806484t4 − 14717283t−4)z10 + (−7610048969t8 + 11187223155t6
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+98711943t−2 + 58037t−6 + 3617921969t2 − 840736357− 10t−8
−8540076013t4 + 2091751771t10 − 4805526t−4)z8 + (−93530990
−446708793t8 + 112446010t10 + 322602765t2 + 14694780t−2
+732388036t6 − 640842508t4 + 25375t−6 − 1074640t−4 − 35t−8)z6
+(−12867854t8 + 24093679t6 + 15759915t2 − 6022625 + 2931948t10
−25082028t4 − 150060t−4 + 1330405t−2 + 6670t−6 − 50t−8)z4
+(−33963t10 − 10867t−4 − 111197 + 929t−6 + 145805t8 + 52260t−2 − 25t−8
−221133t6 + 73050t2 + 105141t4)z2
+6440−3300t10+16568t8−4t−8−22146t2−338t−2+37260t4−248t−4−34282t6+50t−6
8.2. Comparing of the notations. In our notation, the colored Jones polynomial is
defined as
JN(L; q) =
(
q−2lk(L)κ(N)t−2lk(L)NW(N)(N),...,(N)(L; q, t)
s(N)(q, t)
)
|t=q2
=
q−2lk(L)N(N−1)q−4lk(L)NW(N)(N),...,(N)(L; q, q2)
s(N)(q, q2)
=
q−2lk(L)N(N+1)W(N)(N),...,(N)(L, q, q2)
s(N)(q, q2)
where W(N)(N),...,(N)(L, q, t) is the colored HOMFLY invariants defined in Section 3.
HOMFLY polynomial is given by
H(L; q) = t−2lk(L)W(1)(1),...,(1)(L;q,t)
s(1)(q,t)
=
t−2lk(L)W(1)(1),...,(1)(L;q,t)
t−t−1
q−q−1
=
(q−q−1)t−2lk(L)W(1)(1),...,(1)(L;q,t)
t−t−1
J1(L; q) is the classical Jones polynomial satisfy the following skein relation:
q2J1(L+; q)− q−2J1(L−; q) = (q − q−1)J1(L0; q)
H(L; q, t) is the classical HOMFLY polynomial satisfy the following skein relation:
tH(L+; q, t)− t−1H(L−; q, t) = (q − q−1)H(L0; q, t)
Remark:
1) HOMFLY polynomial is just the same as the original one.
2) While the original Jones polynomial V (L) satisfies the skein relation:
q−1V (L+)− qV (L−) = (q 12 − q− 12 )V (L0)
So J1(L) and V (L) is related by: J1(L; q) = (−1)L−1V (L; q−2).
We list a table of examples:
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HOMFLY H(L; q) Jones V (L; q2)
31 = T (2,−3) 2t2 − t4 + t2z2 −q−8 + q−6 + q−2
T (2, 3) 2t−2 − t−4 + t−2z2 q2 + q6 − q8
4 1 t2 + t−2 − 1− z2 q−4 − q−2 + 1− q2 + q4
5 2 t2 + t4 − t6 + (t2 + t4)z2 −q−12 + q−10 − q−8 + 2q−6 − q−4 + q−2
L2a1 = T (2,−2) t3−t
z
− tz −q−5 − q−1
T (2, 2) −t
−3+t−1
z
+ t−1z −q − q5
T (2, 4) −t
−5+t−3
z
+ (−t−5 + 3t−3)z + t−3z3 −q3 − q7 + q9 − q11
L4a1 t
5−t3
z
− (t+ t3)z −q−9 − q−5 + q−3 − q−1
L5a1 t−t
−1
z
+ (−t−1 + 2t− t3)z + tz3 q−7 − 2q−5 + q−3 − 2q−1 + q − q3
L6a4 t
2−2+t−2
z2
+ (2− t2 − t−2)z2 + z4 −q
−6 + 3q−4 − 2q−2 + 4
−2q2 + 3q4 − q6
L6a5 t
8−2t6+t4
z2
+ 3t4 − 3t6 + (2t4 + t2)z2 q
−14 − q−12 + 3q−10 − q−8
+3q−6 − 2q−4 + q−2
L6n1 t
−4−2t−2+1
z2
+ t−4 − 3t−2 + 2− t−2z2 2 + q4 + q8
Our J1(L; q)
31 = T (2,−3) q2 + q6 − q8
T (2, 3) −q−8 + q−6 + q−2
41 q
−4 − q−2 + 1− q2 + q4
52 q
2 − q4 + 2q6 − q8 + q10 − q12
L2a1 = T (2,−2) q + q5
T (2, 2) q−5 + q−1
T (2, 4) q−11 − q−9 + q−7 + q−3
L4a1 q − q3 + q5 + q9
L5a1 q−3 − q−1 + 2q − q3 + 2q5 − q7
L6a4 −q−6 + 3q−4 − 2q−2 + 4− 2q2 + 3q4 − q6
L6a5 q2 − 2q4 + 3q6 − q8 + 3q10 − q12 + q14
L6n1 q−8 + q−4 + 2
40 QINGTAO CHEN, KEFENG LIU, PAN PENG AND SHENGMAO ZHU
Our J2(L; q)
31 = T (2,−3) q4 + q10 − q14 + q16 − q18 − q20 + q22
T (2, 3) q−22 − q−20 − q−18 + q−16 − q−14 + q−10 + q−4
41
q−12 − q−10 − q−8 + 2q−6 − q−4 − q−2 + 3
−q2 − q4 + 2q6 − q8 − q10 + q12
52
q4 − q6 + 3q10 − 2q12 − q14 + 4q16 − 3q18 − q20 + 3q22
−2q24 − q26 + 2q28 − q30 − q32 + q34
L2a1 = T (2,−2) q2 + q8 + q14
T (2, 2) q−14 + q−8 + q−2
T (2, 4) q−30 − q−28 + 2q−24 − q−22 + q−18 − q−16 + q−12 + q−6
L4a1 q2 − q4 + 2q8 − q10 + q14 − q16 + q20 + q26
L5a1
q−10 − q−8 − q−6 + 3q−4 − q−2 − 2 + 5q2 − q4 − 3q6
+5q8 − q10 − 3q12 + 4q14 − q16 − 2q18 + q20
L6a4
q−18 − 3q−16 − q−14 + 8q−12 − 6q−10 − 4q−8 + 14q−6 − 7q−4 − 6q−2
+17− 6q2 − 7q4 + 14q6 − 4q8 − 6q10 + 8q12 − q14 − 3q16 + q18
L6a5
q4 − 2q6 + q8 + 5q10 − 6q12 + 7q16 − 7q18 + q20 + 8q22
−5q24 + 7q28 − 3q30 − q32 + 4q34 − q36 − q38 + q40
L6n1 q−24 + q−18 + q−12 + q−10 + q−6 + q−4 + 2 + q2
where z = q − q−1 and [N ] = qN − q−N .
8.3. Examples for congruent skein relations: colored Jones case. In this subsec-
tion, we provide a lot of examples for the congruent skein relation for colored Jones.
Conjecture 7.7 (Main part)
JN(L+)− JN(L−) ≡ 0 mod [N ]
JN(L+)− JN(L−) ≡ 0 mod [N + 2]
A) Links with two components
We write the conjecture in the following way
JN(L+)− JN(L−) ≡ 0 mod [N ][N+2][1] if N is odd
and
JN(L+)− JN(L−) ≡ 0 mod [N ][N+2][2] if N is even
Sample Examples
1) L+ = T (2, 4) and L− = T (2, 2)
a) N = 1
J1(L+) = q−11 − q−9 + q−7 + q−3
J1(L−) = q−5 + q−1
So we have
J1(L+)− J1(L−) = (q3−q−3)(q−q−1)q−q−1 (−q−8 + q−6 − q−4)
b) N = 2
J2(L+) = q−30 − q−28 + 2q−24 − q−22 + q−18 − q−16 + q−12 + q−6
J2(L−) = q−14 + q−8 + q−2
So we have
J2(L+)− J2(L−)
= (q
4−q−4)(q2−q−2)
q2−q−2 (−q−26 + q−24 − 2q−20 + q−16 − q−14 − q−12 + q−10 − q−6)
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b) N = 3
J3(L+) = q−57 − q−55 + q−51 + q−49 − q−47 − q−45 + q−43 − q−41 − q−39 + q−35 + q−33 −
q−31 + q−25 − q−23 + q−17 + q−9
J3(L−) = q−27 + q−19 + q−11 + q−3
So we have
J3(L+)− J3(L−)
= (q
5−q−5)(q3−q−3)
q−q−1 (−q−50 + 2q−48 − q−46 − 2q−44 + 2q−42 − q−36 − q−34 + 2q−32 − q−30 −
q−26 + q−22 − q−18 + q−12 − q−10)
2) L+ = T (2,−2) and L− = L4a1
a) N = 1
J1(L+) = q2 + q8 + q14
J1(L−) = q2 − q4 + 2q8 − q10 + q14 − q16 + q20 + q26
So we have
J1(L+)− J1(L−) = (q3−q−3)(q1−q−1)q−q−1 (−q6)
b) N = 2
J2(L+) = q2 + q8 + q14
J2(L−) = q2 − q4 + 2q8 − q10 + q14 − q16 + q20 + q26
So we have
J2(L+)− J2(L−)
= (q
4−q−4)(q2−q−2)
q2−q−2 (−q8 + q12 − q14 − q16 − q22)
c) N = 3
J3(L+) = q3 − q11 + q19 + q27
J3(L−) = q3−q5+q9+q11−q13−q15+q17+q19−q21+q25+q27−q29+q35−q37+q43+q51
So we have
J3(L+)− J3(L−)
= (q
5−q−5)(q3−q−3)
q−q−1 (−q12 + q14 + q16 − 2q18 + q24 − 2q28 + q30 − q38 + q42 − q44)
B) Links with more than two components
We still write the conjecture in the following way
JN(L+)− JN(L−) ≡ 0 mod [N ][N+2][1] if N is odd
and
JN(L+)− JN(L−) ≡ 0 mod [N ][N+2][2] if N is even
Sample Examples
1) L+ = L6a4 and L− = T (2,−2)⊗ U
where ⊗ denote the disjoint union.
a) N = 1
J1(L+) = −q−6 + 3q−4 − 2q−2 + 4− 2q2 + 3q4 − q6
J1(L−) = 1 + q2 + q4 + q6
So we have
J1(L+)− J1(L−) = (q3−q−3)(q−q−1)q−q−1 (q−3 − 3q−1 + 2q − 2q3)
b) N = 2
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J2(L+) = q−18− 3q−16− q−14+8q−12− 6q−10− 4q−8+14q−6− 7q−4− 6q−2+17− 6q2−
7q4 + 14q6 − 4q8 − 6q10 + 8q12 − q14 − 3q16 + q18
J2(L−) = 1 + q2 + q4 + q6 + q8 + q10 + q12 + q14 + q16
So we have
J2(L+)− J2(L−)
= (q
4−q−4)(q2−q−2)
q2−q−2 (−q−14+3q−12+ q−10− 8q−8+5q−6+7q−4− 13q−2− 1+ 11q2− 9q4−
6q6 + 7q8 − 2q10 − 4q12 + q14)
c) N = 3
J3(L+) = −q−36+3q−34+q−32−5q−30−6q−28+6q−26+14q−24−10q−22−17q−20+6q−18+
28q−16−8q−14−28q−12+2q−10+41q−8−5q−6−34q−4−q−2+44−q2−34q4−5q6+41q8+
2q10−28q12−8q14+28q16+6q18−17q20−10q22+14q24+6q26−6q28−5q30+q32+3q34−q36
J3(L−) = 1+ q2+ q4+ q6+ q8+ q10+ q12+ q14+ q16+ q18+ q20+ q22+ q24+ q26+ q28+ q30
So we have
J3(L+)− J3(L−)
= (q
5−q−5)(q3−q−3)
q3−q−3 (q
−29−4q−27+2q−25+7q−23−3q−21−9q−19−5q−17+23q−15+4q−13−
27q−11−10q−9+28q−7+19q−5−27q−3−33q−1+32q+26q3−20q5−29q7+10q9+26q11−
5q13 − 23q15 + 4q17 + 9q19 + 3q21 − 8q23 − 2q25 + 4q27 − q29)
Conjecture 7.7 (Moreover part).
A) Links with two components
Set
An = {q|qn = ±1}
Bn = {q|qn = 1}
Cn = {q|qn = −1}
We write the conjecture in the following way
The root set of JN(L+) − JN(L−) ≡ Jk(L+) − Jk(L−) contains (BN−k ∪ CN+k+2) −
(Ak+1 − A1)
and
The root set of JN(L−) − JN(L+) ≡ Jk(L+) − Jk(L−) contains (CN−k ∪ BN+k+2) −
(Ak+1 − A1)
Remark: this only valid for k ≥ 1, see our old conjecture for k = 0. (for k=1, this is
also slightly different from our old one)
Sample Examples
1) L+ = T (2, 4), L− = T (2, 2)
I) k = 2
We need to test the following
The root set of JN(L+)−JN (L−) ≡ J2(L+)−J2(L−) contains (BN−2∪CN+4)−(A3−A1)
and
The root set of JN(L−)−JN (L+) ≡ J2(L+)−J2(L−) contains (CN−2∪BN+4)−(A3−A1)
a) N = 3
J3(L+)− J3(L−)− (J2(L+)− J2(L−))
= (−1+q)(1+q)(1−q+q
2−q3+q4−q5+q6)
q57
(−1−q−q6−q8−2q9−q10−q11+q13−q14−q17−q19−
2q20−2q22−2q23−2q24−3q25−q26+q27−q28+q30+q31+q32+q33+q35−q37+q39−q42−q43+q47)
contains roots {e 0pi
√−1
1 , e
1pi
√−1
7 , e
3pi
√−1
7 , e
5pi
√−1
7 , e
7pi
√−1
7 , e
9pi
√−1
7 , e
11pi
√−1
7 , e
13pi
√−1
7 }
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and
J3(L−)− J3(L+)− (J2(L+)− J2(L−))
= (−1+q)(1+q)(1+q+q
2+q3+q4+q5+q6)
q57
(1−q+q6+q8−2q9+q10−q11+q13+q14−q17−q19+2q20+
2q22−2q23+2q24−3q25+q26+q27+q28−q30+q31−q32+q33+q35−q37+q39+q42−q43+q47)
contains roots {e 1pi
√−1
1 , e
0pi
√−1
7 , e
2pi
√−1
7 , e
4pi
√−1
7 , e
6pi
√−1
7 , e
8pi
√−1
7 , e
10pi
√−1
7 , e
12pi
√−1
7 }
b) N = 4
J4(L+)− J4(L−)− (J2(L+)− J2(L−))
= (−1+q)(1+q)(1+q
2)(1+q4)(1+q8)
q92
(−1+q2−q6−q10+2q12−2q16+q18−2q20+q22−2q26+2q28−
q30+q34−3q36+q38−q40−q42+2q44−2q46+q48−2q52+q54−q56+q60+q68−q70−q72+q74)
Contains roots {e 0pi
√−1
2 , e
2pi
√−1
2 , e
pi
√−1
8 , e
3pi
√−1
8 , e
5pi
√−1
8 , e
7pi
√−1
8 , e
9pi
√−1
8 , e
11pi
√−1
8 , e
13pi
√−1
8 , e
15pi
√−1
8 }
and
J4(L−)− J4(L+)− (J2(L+)− J2(L−))
= (−1+q)(1+q)(1+q
2)(1+q4)
q92
(1− q2+ q6+ q8−2q12+ q14+2q16− q22+2q24+ q26+ q34+ q36+
q40 + q44 + q46 + q50 + q54 + q60 + q62 − q64 + 2q68 + q70 − q72 + q74 + q76 − q78 + q80 + q82)
Contains roots {e 1pi
√−1
2 , e
3pi
√−1
2 , e
0pi
√−1
8 , e
2pi
√−1
8 , e
6pi
√−1
8 , e
8pi
√−1
8 , e
10pi
√−1
8 , e
14pi
√−1
8 }
II) k = 3
We need to test the following
The root set of JN(L+)−JN (L−) ≡ J3(L+)−J3(L−) contains (BN−3∪CN+5)−(A4−A1)
and
The root set of JN(L−)−JN (L+) ≡ J3(L+)−J3(L−) contains (CN−3∪BN+5)−(A4−A1)
a) N = 4
J4(L+)− J4(L−)− (J3(L+)− J3(L−))
= (−1+q)(1+q)(1−q+q
2)(1+q+q2)(1−q2+q4)(1−q3+q6)
q92
(−1 − q3 + q4 − q6 + q7 − q8 − q10 − q11 +
q12 − 2q13 + 2q14 + q15 − q16 + 3q17 − 2q18 + q19 − 2q20 − 3q21 + q22 − 5q23 + q24 − 2q26 +
4q27− 2q28 + 3q29− 2q31 + 3q32− 4q33 + q34 + q35− 3q36 + 3q37− 2q38− 2q41− q43 − q44 −
q46 + q48 + q50 + 2q51 − q52 + 2q53 − q54 − 2q57
+2q58 − q59 + 2q61 − q62 + 2q63 − q64 − 2q67 + q68 − q69 + q71 − q72 + q73)
contains roots {e 0pi
√−1
1 , e
1pi
√−1
9 , e
3pi
√−1
9 , e
5pi
√−1
9 , e
7pi
√−1
9 , e
9pi
√−1
9 , e
11pi
√−1
9 , e
13pi
√−1
9 , e
15pi
√−1
9 , e
17pi
√−1
9 }
and
J4(L−)− J4(L+)− (J3(L+)− J3(L−))
= (−1+q)(1+q)(1−q+q
2)(1+q+q2)(1−q2+q4)(1+q3+q6)
q92
(1− q3− q4+ q6+ q7+ q8+ q10− q11− q12−
2q13 − 2q14 + q15 + q16 + 3q17 + 2q18 + q19 + 2q20 − 3q21 − q22 − 5q23 − q24 + 2q26 + 4q27 +
2q28 + 3q29 − 2q31 − 3q32 − 4q33 − q34 + q35 + 3q36 + 3q37 + 2q38 − 2q41 − q43 + q44 + q46 −
q48 − q50 + 2q51 + q52 + 2q53 + q54 − 2q57
−2q58 − q59 + 2q61 + q62 + 2q63 + q64 − 2q67 − q68 − q69 + q71 + q72 + q73)
contains roots {e 1pi
√−1
1 , e
0pi
√−1
9 , e
2pi
√−1
9 , e
4pi
√−1
9 , e
6pi
√−1
9 , e
8pi
√−1
9 , e
10pi
√−1
9 , e
12pi
√−1
9 , e
14pi
√−1
9 , e
16pi
√−1
9 }
b) N = 5
J5(L+)− J5(L−)− (J3(L+)− J3(L−))
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= (−1+q)(1+q)(1−q+q
2−q3+q4)(1+q+q2+q3+q4)(1−q2+q4−q6+q8)
q135
(−1+q4−q6−q8+q14+q16−q18−
3q20 − q22 + q24 − q32 + q36 − 2q40− 2q42− q44 − q46 + q50 − q54− 2q60 − q62 − 2q66− q68 +
2q70− q74+ q76− 3q80− q82+ q84+2q94+ q96− q98− q100+ q102+ q104− q108− q110 + q114)
Contains roots {e 0pi
√−1
2 , e
2pi
√−1
2 , e
pi
√−1
10 , e
3pi
√−1
10 , e
7pi
√−1
10 , e
9pi
√−1
10 , e
11pi
√−1
10 , e
13pi
√−1
10 , e
17pi
√−1
10 , e
19pi
√−1
10 }
and
J5(L−)− J5(L+)− (J3(L+)− J3(L−))
= (−1+q)(1+q)(1−q+q
2−q3+q4)(1+q+q2+q3+q4)
q135
(1− q2 + q6 + q10− q12− q14 + q16 + q18 + 2q20−
q22−q24+q28+2q30−q34+2q40+q42+q50+q52+q54+q60+q64+q66+q72+q76+2q78−q80+
2q84+ q86+ q88−2q90+ q92+2q94+ q96−q100+2q102+ q104+ q112+ q114−q116+ q120+ q122)
Contains roots {e 0pi
√−1
10 , e
2pi
√−1
10 , e
4pi
√−1
10 , e
6pi
√−1
10 , e
8pi
√−1
10 , e
10pi
√−1
10 , e
12pi
√−1
10 , e
14pi
√−1
10 , e
16pi
√−1
10 , e
18pi
√−1
10 }
III) k = 4
We need to test the following
The root set of JN(L+)−JN (L−) ≡ J4(L+)−J4(L−) contains (BN−4∪CN+6)−(A5−A1)
and
The root set of JN(L−)−JN (L+) ≡ J4(L+)−J4(L−) contains (CN−4∪BN+6)−(A5−A1)
a) N = 5
J5(L+)− J5(L−)− (J4(L+)− J4(L−))
= (−1+q)(1+q)(1−q+q
2−q3+q4−q5+q6−q7+q8−q9+q10)
q135
(−1 − q − q6 − q7 − q8 − q9 − q10 − q13 +
q17 − q20 − q21 − 2q22 − 2q23 − q24 − 2q25 − q26 − q27 − 2q28 − q29 − q30 − q32 − q35 − q37 +
q39 − 2q42 − 2q44 − 3q45 − 2q46 − 3q47 − 2q48 − 2q49 − 2q50 − q51 − q52 + 2q53 − q54 − q55 −
q57 + 2q63 − q64 − q66 − 2q67 − q68 − q69 − q72 − q74
−q76− q81+2q83+ q87+ q89+ q90+ q92+ q93+ q95+ q99− q101+ q107− q110− q111+ q119))
Contains roots {e 0pi
√−1
1 , e
pi
√−1
11 , e
3pi
√−1
11 , e
5pi
√−1
11 , e
7pi
√−1
11 , e
9pi
√−1
11 , e
11pi
√−1
11 , e
13pi
√−1
11 , e
15pi
√−1
11 ,
e
17pi
√−1
11 , e
19pi
√−1
11 , e
21pi
√−1
11 }
and
J5(L−)− J5(L+)− (J4(L+)− J4(L−))
= (−1+q)(1+q)(1+q+q
2+q3+q4+q5+q6+q7+q8+q9+q10)
q135
(1− q+ q6− q7+ q8− q9+ q10− q13+ q17+
q20 − q21 + 2q22 − 2q23 + q24 − 2q25 + q26 − q27 + 2q28 − q29 + q30 + q32 − q35 − q37 + q39 +
2q42 + 2q44 − 3q45 + 2q46 − 3q47 + 2q48 − 2q49 + 2q50 − q51 + q52 + 2q53 + q54 − q55 − q57 +
2q63 + q64 + q66 − 2q67 + q68 − q69 + q72 + q74
+q76− q81+2q83+ q87+ q89− q90− q92+ q93+ q95+ q99− q101+ q107+ q110− q111+ q119))
Contains roots {e 1pi
√−1
1 , e
0pi
√−1
11 , e
2pi
√−1
11 , e
4pi
√−1
11 , e
6pi
√−1
11 , e
8pi
√−1
11 , e
10pi
√−1
11 , e
12pi
√−1
11 ,
e
14pi
√−1
11 , e
16pi
√−1
11 , e
18pi
√−1
11 , e
20pi
√−1
11 }
2) L+ = T (2,−2) and L− = L4a1
I) k = 2
We need to test the following
The root set of JN(L+)−JN (L−) ≡ J2(L+)−J2(L−) contains (BN−2∪CN+4)−(A3−A1)
and
The root set of JN(L−)−JN (L+) ≡ J2(L+)−J2(L−) contains (CN−2∪BN+4)−(A3−A1)
a) N = 3
J3(L+)− J3(L−)− (J2(L+)− J2(L−
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= −q4(−1+q)(1+q)(1−q+q2−q3+q4−q5+q6)(−1+q4−q6−q8−q14+q17+q18+q19+
q20+q21+q22+q23+q25+q26+q27+q28+q29+q30+q31+q33+q34+q35+q36+q37+q38+q39)
contains roots {e 0pi
√−1
1 , e
pi
√−1
7 , e
3pi
√−1
7 , e
5pi
√−1
7 , e
7pi
√−1
7 , e
9pi
√−1
7 , e
11pi
√−1
7 , e
13pi
√−1
7 }
and
J3(L−)− J3(L+)− (J2(L+)− J2(L−))
= q4(−1+ q)(1+ q)(1+ q+ q2+ q3+ q4+ q5+ q6)(1−q4+ q6+ q8+ q14+ q17−q18+ q19−
q20+q21−q22+q23+q25−q26+q27−q28+q29−q30+q31+q33−q34+q35−q36+q37−q38+q39)
contains roots {e 1pi
√−1
1 , e
0pi
√−1
7 , e
2pi
√−1
7 , e
4pi
√−1
7 , e
6pi
√−1
7 , e
8pi
√−1
7 , e
10pi
√−1
7 , e
12pi
√−1
7 }
b) N = 4
J4(L+)− J4(L−)− (J2(L+)− J2(L−))
= −q4(−1+ q)(1+ q)(1+ q2)(1+ q4)(1+ q8)(−1+ q2+ q4− 2q6+ q12− q16+ q18+ q22−
q26 + q28 + q32 + q34 − q36 + q38 + q44 − q46 + q48 + q54 + q64)
Contains roots {e 0pi
√−1
2 , e
2pi
√−1
2 , e
pi
√−1
8 , e
3pi
√−1
8 , e
5pi
√−1
8 , e
7pi
√−1
8 , e
9pi
√−1
8 , e
11pi
√−1
8 , e
13pi
√−1
8 , e
15pi
√−1
8 }
and
J4(L−)− J4(L+)− (J2(L+)− J2(L−))
= q4(−1+ q)(1+ q)(1+ q2)(1+ q4)(1+ q2− q4+ q8+ q10+2q12− q16+ q18+ q20+ q22−
q24 + q28 + q30 + q32 + q38 + q40 + q42 + q48 + q52 + q56 + q62 + q64 + q72)
Contains roots {e 1pi
√−1
2 , e
3pi
√−1
2 , e
0pi
√−1
8 , e
2pi
√−1
8 , e
6pi
√−1
8 , e
8pi
√−1
8 , e
10pi
√−1
8 , e
14pi
√−1
8 }
II) k = 3
We need to test the following
The root set of JN(L+)−JN (L−) ≡ J3(L+)−J3(L−) contains (BN−3∪CN+5)−(A4−A1)
and
The root set of JN(L−)−JN (L+) ≡ J3(L+)−J3(L−) contains (CN−3∪BN+5)−(A4−A1)
a) N = 4
J4(L+)− J4(L−)− (J3(L+)− J3(L−))
= −q5(−1 + q)(1 + q)(1− q + q2)(1 + q+ q2)(1− q3 + q6)(−1 + q− q3 + 2q4− q5− q6 +
2q7 − 2q8 + q12 − q13 + q14 − 2q16 + 2q17 − q18 − q19 + q20 − q26 + q27 − q28 + q30 + q33 +
q37 + q41 + q44 + q47 + q51 + q54 + q57 + q61 + q64 + q67)
contains roots {e 0pi
√−1
1 , e
1pi
√−1
9 , e
3pi
√−1
9 , e
5pi
√−1
9 , e
7pi
√−1
9 , e
9pi
√−1
9 , e
11pi
√−1
9 , e
13pi
√−1
9 , e
15pi
√−1
9 , e
17pi
√−1
9 }
and
J4(L−)− J4(L+)− (J3(L+)− J3(L−))
= q5(−1 + q)(1 + q)(1 − q + q2)(1 + q + q2)(1 + q3 + q6)(1 + q − q3 − 2q4 − q5 + q6 +
2q7 + 2q8 − q12 − q13 − q14 + 2q16 + 2q17 + q18 − q19 − q20 + q26 + q27 + q28 − q30 + q33 +
q37 + q41 − q44 + q47 + q51 − q54 + q57 + q61 − q64 + q67)
contains roots {e 1pi
√−1
1 , e
0pi
√−1
9 , e
2pi
√−1
9 , e
4pi
√−1
9 , e
6pi
√−1
9 , e
8pi
√−1
9 , e
10pi
√−1
9 , e
12pi
√−1
9 , e
14pi
√−1
9 , e
16pi
√−1
9 }
b) N = 5
J5(L+)− J5(L−)− (J3(L+)− J3(L−))
= −q5(−1 + q)(1 + q)(1 − q + q2 − q3 + q4)(1 + q + q2 + q3 + q4)(1 − q2 + q4 − q6 +
q8)(−1 + 2q4 − 2q8 − 2q10 + q12 + 3q14 − 2q18 − 2q20 + 2q24 + q26 − q28 − q30 + q34 + q36 −
q42 + q46 + q48 + q50 + q52 + q58 + q60 + q62 + q64 + q70 + q76 + q82 + q88 + q90 + q100 + q102)
Contains roots {e 0pi
√−1
2 , e
2pi
√−1
2 , e
pi
√−1
10 , e
3pi
√−1
10 , e
7pi
√−1
10 , e
9pi
√−1
10 , e
11pi
√−1
10 , e
13pi
√−1
10 , e
17pi
√−1
10 , e
19pi
√−1
10 }
and
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J5(L−)− J5(L+)− (J3(L+)− J3(L−))
= q5(−1 + q)(1 + q)(1− q + q2 − q3 + q4)(1 + q + q2 + q3 + q4)(1 + q2 − q4 − q6 + q8 +
2q10 + q12 + q22 + 2q24 + q26 − q30 + q32 + 2q34 + 2q36 − q40 + q44 + q46 + q48 + q56 + q58 +
q60 + q62 + q68 + q70 + q74 + q80 + q86 + q90 + q98 + q100 + q110)
Contains roots {e 0pi
√−1
10 , e
2pi
√−1
10 , e
4pi
√−1
10 , e
6pi
√−1
10 , e
8pi
√−1
10 , e
10pi
√−1
10 , e
12pi
√−1
10 , e
14pi
√−1
10 , e
16pi
√−1
10 , e
18pi
√−1
10 }
III) k = 4
We need to test the following
The root set of JN(L+)−JN (L−) ≡ J4(L+)−J4(L−) contains (BN−4∪CN+6)−(A5−A1)
and
The root set of JN(L−)−JN (L+) ≡ J4(L+)−J4(L−) contains (CN−4∪BN+6)−(A5−A1)
a) N = 5
J5(L+)− J5(L−)− (J4(L+)− J4(L−))
= q6(−1+q)(1+q)(1−q+q2−q3+q4−q5+q6−q7+q8−q9+q10)(−1+q4−2q10−q12+q14+
q16+q18−2q20−2q22+q26+q28−q30−2q32−q34+q38−q42−q44−q46+q48+q49+q50+q51+
q52+q53+q55+q57+q58+q59+q61+q62+q63+q64+q65+q67+q68+q69+q70+q71+q73+q74+q75
+q76 + q77 + q78 + q79 + q80 + q81 + q82 + q83 + q85 + q86 + q87 + q88 + q89 + q90 + q91 +
q92 + q93 + q94 + q95 + q97 + q98 + q99 + q100 + q101 + q102 + q103 + q104 + q105 + q106 + q107)
Contains roots {e 0pi
√−1
1 , e
pi
√−1
11 , e
3pi
√−1
11 , e
5pi
√−1
11 , e
7pi
√−1
11 , e
9pi
√−1
11 , e
11pi
√−1
11 , e
13pi
√−1
11 , e
15pi
√−1
11 ,
e
17pi
√−1
11 , e
19pi
√−1
11 , e
21pi
√−1
11 }
and
J5(L−)− J5(L+)− (J4(L+)− J4(L−))
= q6(−1+q)(1+q)(1+q+q2+q3+q4+q5+q6+q7+q8+q9+q10)(1−q4+2q10+q12−q14−
q16−q18+2q20+2q22−q26−q28+q30+2q32+q34−q38+q42+q44+q46−q48+q49−q50+q51−
q52+q53+q55+q57−q58+q59+q61−q62+q63−q64+q65+q67−q68+q69−q70+q71+q73−q74+q75
−q76 + q77 − q78 + q79 − q80 + q81 − q82 + q83 + q85 − q86 + q87 − q88 + q89 − q90 + q91 −
q92 + q93 − q94 + q95 + q97 − q98 + q99 − q100 + q101 − q102 + q103 − q104 + q105 − q106 + q107)
Contains roots {e 1pi
√−1
1 , e
0pi
√−1
11 , e
2pi
√−1
11 , e
4pi
√−1
11 , e
6pi
√−1
11 , e
8pi
√−1
11 , e
10pi
√−1
11 , e
12pi
√−1
11 , e
14pi
√−1
11 ,
e
16pi
√−1
11 , e
18pi
√−1
11 , e
20pi
√−1
11 }
B) Links with odd components
Conjecture:
The root of JN(L+)−JN(L−) ≡ Jk(L+)−Jk(L−) contains (AN−k∪AN+k+2)−(Ak+1−A1)
Sample Examples
1) L+ = L6a4 and L− = T (2,−2) ∪ Unknot
where ∪ denote the disjoint union.
I) k = 2
We need to test the following
The root set of JN(L+)−JN (L−) ≡ J2(L+)−J2(L−) contains (AN−2∪AN+4)−(A3−A1)
a) N = 3
J3(L+)− J3(L−)− (J2(L+)− J2(L−))
= − (−1+q)(1+q)(1−q+q2−q3+q4−q5+q6)(1+q+q2+q3+q4+q5+q6)
q36
(−1+ 3q2+ q4− 5q6− 6q8+6q10+
14q12−11q14−14q16+6q18+26q20−13q22−30q24+22q26+34q28−33q30−21q32+31q34+
14q36 − 25q38 − 5q40 + 15q42 + 12q44 − 13q46 − 5q48 + 7q50 + 6q52 − q54 − 3q56 + q58)
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contains roots {e 0pi
√−1
1 , e
1pi
√−1
1 , e
pi
√−1
7 , e
2pi
√−1
7 , e
3pi
√−1
7 , e
4pi
√−1
7 , e
5pi
√−1
7 , e
6pi
√−1
7 , e
8pi
√−1
7 , e
9pi
√−1
7 ,
e
10pi
√−1
7 , e
11pi
√−1
7 , e
12pi
√−1
7 , e
13pi
√−1
7 }
b) N = 4
J4(L+)− J4(L−)− (J2(L+)− J2(L−))
= (−1+q)(1+q)(1+q
2)(1+q4)(1+q8)
q60
(−1 + 3q2 + q4 − 5q6 − 3q8 − 6q10 + 16q12 + 12q14 − 8q16 −
10q18 − 32q20 + 24q22 + 33q24 − q26 − 4q28 − 61q30 + 19q32 + 48q34 − q36 + 6q38 − 80q40 +
15q42 +64q44− 7q46 +16q48− 96q50− q52 +94q54− 18q56+ 5q58− 66q60− 17q62+ 78q64−
8q66 − q68 − 50q70 − 21q72 + 59q74 + 2q76 − 34q80
−25q82 + 31q84 + 9q86 + 7q88 − 13q90 − 17q92 + 6q94 + 3q96 + 5q98 − q100 − 3q102 + q104)
Contains roots {e 0pi
√−1
2 , e
1pi
√−1
2 , e
2pi
√−1
2 , e
3pi
√−1
2 , e
pi
√−1
8 , e
2pi
√−1
8 , e
3pi
√−1
8 , e
5pi
√−1
8 , e
6pi
√−1
8 , e
7pi
√−1
8 ,
e
9pi
√−1
8 , e
10pi
√−1
8 , e
11pi
√−1
8 , e
13pi
√−1
8 , e
14pi
√−1
8 , e
15pi
√−1
8 }
II) k = 3
We need to test the following
The root set of JN(L+)−JN (L−) ≡ J2(L+)−J2(L−) contains (AN−3∪AN+5)−(A4−A1)
a) N = 4
J4(L+)− J4(L−)− (J3(L+)− J3(L−))
= (−1+q)(1+q)(1−q+q
2)(1+q+q2)(1−q3+q6)(1+q3+q6)
q60
(−1 + 3q2 + q4 − 5q6 − 3q8 − 6q10 + 16q12 +
12q14−7q16−14q18−30q20+30q22+30q24+5q26−25q28−62q30+33q32+57q34+31q36−
58q38 − 100q40 + 51q42 + 104q44 + 22q46 − 101q48 − 103q50 + 102q52 + 100q54 − 23q56 −
105q58 − 52q60 + 99q62 + 57q64 − 32q66 − 58q68 − 34q70
+61q72 + 24q74 − 6q76 − 31q78 − 31q80 + 29q82 + 13q84 + 6q86 − 13q88 − 17q90 + 6q92 +
3q94 + 5q96 − q98 − 3q100 + q102)
Contains roots {e 0pi
√−1
1 , e
1pi
√−1
1 , e
1pi
√−1
9 , e
2pi
√−1
9 , e
3pi
√−1
9 , e
4pi
√−1
9 , e
5pi
√−1
9 , e
6pi
√−1
9 , e
7pi
√−1
9 ,
e
8pi
√−1
9 , e
10pi
√−1
9 , e
11pi
√−1
9 , e
12pi
√−1
9 , e
13pi
√−1
9 , e
14pi
√−1
9 , e
15pi
√−1
9 , e
16pi
√−1
9 , e
17pi
√−1
9 }
8.4. Examples for congruent skein relations: SU(n)-invariants case. In this sub-
section, we provide a lot of examples for the congruent skein relation for the SU(n)-
invariants J
SU(n)
N , see formula (7.26) for the definition.
Conjecture of congruent skein relation
For a knot K, for any positive integer N, k and N ≥ k ≥ 1, we have
J
SU(n)
N (K+; q)− JSU(n)N (K−; q) ≡ JSU(n)k (K+; q)− JSU(n)k (K−; q) mod [N − k].
J
SU(n)
N (K+; q)− JSU(n)N (K−; q) ≡ JSU(n)k (K+; q)− JSU(n)k (K−; q) mod [N + k + 2].
J
SU(n)
N (K+; q)− JSU(n)N (K−; q) ≡ JSU(n)k (K+; q)− JSU(n)k (K−; q) mod [n− 1].
A) SU(3)
1)K+ = T (2, 3) and K− = T (2, 1).
N = 4:
J
SU(3)
4 (K+) = q−16 + q−26 + q−28 − q−34 + q−38 + q−40 − q−42 − 2q−44 − q−46 + q−50 −
2q−54 − q−56 + q−60 + 2q−62 + q−70 + q−72 − q−76 − q−78 − q−80 + q−84
J
SU(3)
3 (K+) = q−12+q−20+q−22−q−26+q−30−2q−34−q−36−q−44+q−46+q−48+q−50−q−54.
J
SU(3)
2 (K+) = q−8 + q−14 + q−16 − q−18 − q−24 − q−26 + q−30.
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J
SU(3)
1 (K+) = q−4 + q−8 − q−12.
J
SU(3)
4 (K−) = JSU(3)3 (K−) = JSU(3)2 (K−) = JSU(3)1 (K−) = 1.
So we have
J
SU(3)
4 (K+)− JSU(3)4 (K−)− (JSU(3)3 (K+)− JSU(3)3 (K−))
= [1][10](−q−23 − q−25 − q−31 − 2q−33 − 2q−35 + q−39 − q−43 + 2q−47 + 3q−49 + 3q−51 +
q−53 − q−61 − 2q−63 − 2q−65 − q−67 + q−71 + q−73)
where [10] implies the factor [2] which is [n− 1]. And similarly in the following.
J
SU(3)
4 (K+)− JSU(3)4 (K−)− (JSU(3)2 (K+)− JSU(3)2 (K−))
= [2][9](−q−19 − q−23 − q−25 − q−27 − q−31 + q−37 + q−39 − q−45 + q−47 + 2q−51 + q−55 −
q−63 − q−65 − q−67 + q−73)
J
SU(3)
4 (K+)− JSU(3)4 (K−)− (JSU(3)1 (K+)− JSU(3)1 (K−))
= [3][8](−q−15− q−19− q−21+ q−23− q−25 + q−29− 2q−31− q−37+2q−39+ q−45− q−47 +
q−49 + q−51 − q−53 + q−55 + q−61 − q−63 − q−65 − q−69 + q−73)
J
SU(3)
3 (K+)− JSU(3)3 (K−)− (JSU(3)1 (K+)− JSU(3)1 (K−))
= [2][7](−q−13 − 2q−17 − q−27 + q−29 − q−31 + q−33 + q−37 + q−39 − q−45)
J
SU(3)
3 (K+)− JSU(3)3 (K−)− (JSU(3)2 (K+)− JSU(3)2 (K−))
= [1][8](−q−17−q−19−q−23−2q−25−q−27+q−31+q−33+q−35+2q−37+q−39−q−43−q−45)
B) SU(4)
1)K+ = T (2, 5) and K− = T (2, 3).
J
SU(4)
5 (K+)− JSU(4)5 (K−)− (JSU(4)4 (K+)− JSU(4)4 (K−))
= [3][13](−q−214 − q−210 − q−208 + 2q−200 + q−198 + q−196 + 2q−194 + 2q−192 + 2q−190 +
q−188 + q−186 − q−184 − 2q−182− 2q−180 − q−176 + q−174 − q−172 − 2q−170 − 3q−168 − q−166 +
q−162+ q−160−q−158−4q−156−5q−154−3q−152+ q−150+3q−148+2q−146−3q−142−3q−140+
5q−136 + 6q−134 + 4q−132 + q−130 − 2q−128 − 2q−126 + 4q−124 + 5q−122 + 5q−120 + 3q−118 −
2q−116− 3q−114− 2q−112+3q−108+ q−106− q−104− q−102− 2q−100+ q−98 +2q−96+2q−94+
2q−92−q−90−2q−88−2q−86−3q−84−q−82−q−80−2q−78−2q−76−3q−74−2q−72−2q−70+
q−66 − q−58 + q−56 + q−54 + q−52 + q−50 + q−40)
J
SU(4)
5 (K+)− JSU(4)5 (K−)− (JSU(4)3 (K+)− JSU(4)3 (K−))
= [2][12](−q−216 − 2q−212− 2q−208 + q−206 − q−204 +3q−202 + 4q−198 + 5q−194 + 5q−190−
2q−188 + 3q−186 − 5q−184 + q−182 − 4q−180 + 3q−178 − 2q−176 + 2q−174 − 4q−172 − q−170 −
5q−168 − 2q−164 + q−162 − 4q−160 − 3q−158 − 6q−156 − 3q−154 + 2q−150 + 4q−148 + q−144 −
4q−142+ q−140−q−138+5q−136+4q−132−3q−130+4q−128−q−126+8q−124+ q−122+8q−120−
3q−118 + 5q−116 − 6q−114 + 4q−112 − 5q−110 + 5q−108 − 4q−106 + 7q−104 − 2q−102 + 9q−100 −
2q−98 + 9q−96 − 3q−94 + 7q−92 − 5q−90 + 5q−88 − 8q−86 + q−84 − 9q−82 + 2q−80 − 6q−78 +
3q−76−7q−74−7q−70+ q−68−5q−66+ q−64−7q−62−q−60−6q−58+2q−56−2q−54+3q−52−
q−50 + 2q−48 + 2q−44 + q−42 + 2q−40 + q−36 + q−32)
J
SU(4)
5 (K+)− JSU(4)5 (K−)− (JSU(4)2 (K+)− JSU(4)2 (K−))
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= [3][11](−q−216 − q−212 − q−210 + 2q−202 + q−200 + q−198 + 2q−196 + q−194 + 2q−192 +
q−190−q−184−2q−182+2q−180−2q−172−3q−170−2q−168−2q−166−q−162−3q−160−3q−156−
3q−154+2q−152+ q−150+ q−146− q−144−2q−142− q−140+4q−136+2q−134+ q−132+3q−130+
q−126 + 2q−124 + 2q−122 + 2q−120 + 2q−114 − 2q−112 + q−110 + 3q−108 + 3q−104 + 2q−102 +
2q−98+3q−92−2q−90−3q−84+ q−82− q−80−2q−78−3q−74−4q−72+ q−70−4q−68− q−66−
3q−62−q−58−2q−56+q−54−q−52−2q−50+q−48−2q−46−2q−44+q−38+q−34+2q−32+q−26
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